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Abstract—This paper presents a novel method for riverbed
state estimation by integrating a Locally Structured Unitary Net-
work (LSUN) with Dynamic Mode Decomposition (DMD). Prior
work by Kobayashi et al. employed Multiresolution Convolutional
Sparse Coded DMD (MR-CSC-DMD) to model the time evolution
of river dynamics. However, MR-CSC-DMD suffers from high
memory usage and computational complexity due to the use of
redundant filter banks required for sparse approximation, which
entails mapping to even higher-dimensional spaces. In contrast,
the proposed approach leverages LSUN to directly capture local
coordinate systems of the data manifold structural sparsity
constraints. To validate its effectiveness, this study conducted
experiments using time-series data obtained from a physical river
model. The experimental results demonstrate that the proposed
method achieves superior performance to MR-CSC-DMD.

I. INTRODUCTION

Recent advancements in sensing, networking, and computa-
tional technologies have significantly contributed to the analy-
sis of complex dynamic phenomena. In particular, data-driven
approaches for modeling dynamical systems from observa-
tional data are being actively developed in fields such as engi-
neering and physics [1], [2]. This study focuses on Extended
Dynamic Mode Decomposition (EDMD) [3], [4], a technique
that enhances Dynamic Mode Decomposition (DMD) [5] by
introducing a dictionary-based formulation, thereby enabling
the linear approximation of nonlinear dynamical systems.
Unlike traditional process-driven methods, EDMD does not
require first-principle models, making it suitable for capturing
features directly from empirical data. This flexibility allows
EDMD to be applied to complex, nonlinear phenomena for
which analytical models are difficult to obtain. In this study,
we apply EDMD to the estimation of riverbed states.

The growing frequency and intensity of rainfall due to
climate change have increased the risk of water-related dis-
asters. Severe weather events resulted in river flooding, caus-
ing substantial damage to infrastructure and loss of human
life [6], [7]. Accordingly, there is an urgent need for effective
countermeasures to mitigate the impact of such disasters. The
primary causes of river flooding include levee overtopping
due to rising water levels and breaches caused by channel
deformation. Accurate prediction and control of channel mor-
phology are therefore essential for flood prevention. However,
despite longstanding research efforts, mathematical models
capable of providing reliable early warnings and control remain

underdeveloped. Kaneko et al. [8] introduced a data-driven ap-
proach based on Convolutional Sparse Coded Dynamic Mode
Decomposition (CSC-DMD) for analyzing riverbed dynamics.
Subsequently, building on this work, Kobayashi et al. [9]
developed Multiresolution Convolutional Sparse Coded DMD
(MR-CSC-DMD), which uses Non-Separable Oversampled
Lapped Transform (NSOLT) [10] to extract local structures
from riverbed data via convolutional sparse coding. Despite
of its effectiveness, MR-CSC-DMD relies on redundant dic-
tionaries to capture local coordinate systems, resulting in
increased dimensionality, memory usage, and computational
burden—particularly problematic for high-dimensional natural
data such as riverbed profiles.

To address these challenges, we propose a riverbed state
estimation framework based on the Locally Structured Unitary
Network (LSUN) [11]. LSUN provides a shift-variant linear
representation capable of directly sampling the local coordinate
systems of the data manifold as a bundle of the tangent spaces,
thereby offering a promising solution for dynamics modeling.

In the study by Yasas et al.[11], LSUN was utilized as a
preprocessing step for DMD in dynamics modeling, enabling
dimensionality reduction, computational cost savings, and the
extraction of essential features from data by assisting Proper
Orthogonal Decomposition (POD). However, the extension to
incorporate multi-resolution representation and the application
to real-world data remained as open challenges. In this paper,
we propose applying LSUN with multi-resolution representa-
tion to dynamics modeling for riverbed state estimation. The
contributions of this study are summarized as follows:

• Introduction of multi-resolution representation into
LSUN,

• Dynamics modeling using LSUN with delayed compo-
nents incorporated into the state vector, and

• Implementation of riverbed state estimation based on
LSUN-driven dynamics modeling.

We validate the proposed method through estimation ex-
periments using riverbed time-series data obtained from a
physical river model and measured by Stream Tomography
(ST) [12]. A portion of the dataset is used to train the riverbed
state predictor, and the remainder is used for testing. The
experimental results demonstrate that the proposed method
achieves superior estimation performance to MR-CSC-DMD.

2025 Asia Pacific Signal and Information Processing Association Annual Summit and Conference (APSIPA ASC)

979-8-3315-7206-8/25/$31.00 ©2025 IEEE 1446



II. OVERVIEW OF DATA-DRIVEN DYNAMICS ANALYSIS

This section reviews MR-CSC-DMD as a previous work for
data-driven analysis methods of riverbed time evolution.

A. CSC-DMD

CSC-DMD consists of two main components: feature extrac-
tion based on convolutional sparse representation, and time-
evolution modeling based on EDMD[8].

Given a time-series dataset {xk}N−1
k=0 in the state space M ⊂

Rm, CSC-DMD nonlinearly maps the data to a corresponding
feature sequence {yk}N−1

k=0 in a feature space F̃ ⊆ RL via
sparse approximation. For each state xk, the corresponding
sparse coefficient yk is obtained by solving the following
optimization problem:

{D̂, {ŷk}} = arg min
D,{yk}

J(D, {yk}|{xk}), (1)

where D denotes a synthesis dictionary and

J(D, {yk}|{xk}) :=
N−1∑

k=0

(
1

2
∥xk −Dyk∥22 + λρ(yk)

)
.

(2)
J(·|·) evaluates the fidelity of the dictionary D and the

sparse coefficient sequence {yk} to the input data {xk}. This is
a joint optimization problem with respect to both the dictionary
and the coefficients, and is typically solved by alternately
updating the sparse codes and dictionary in an iterative fashion.

In CSC-DMD, the synthesis dictionary D is modeled as a
parameterized convolutional multidimensional filter bank DΘ.
The dictionary optimization is formulated as:

D̂ = DΘ̂, Θ̂ = argmin
Θ

1

2

N−1∑

k=0

∥xk −DΘŷk∥22. (3)

Using the learned convolutional dictionary D̂, the nonlinear
mapping Ψ : M → F̃ from state space to feature space is
established.

We assume that in the feature space F̃ , the nonlinear
evolution F (·) can be approximated by a linear operator
K ∈ RL×L. Accordingly, the temporal evolution of the feature
vector yk is expressed as:

yk ≈ KΨ(xk−1) = Kyk−1. (4)

Using the EDMD framework, the matrix K can be estimated
in a data-driven manner. The procedure for estimating K is as
follows:

Given the feature vectors yk, we define the data matrix Yk:ℓ

for k ≤ ℓ ≤ N − 1 as:

Yk:ℓ :=
[
yk yk+1 · · · yℓ

]
∈ RL×(ℓ−k+1). (5)

1) Perform singular value decomposition (SVD) on Y0:N−2

to obtain Ur ∈ CL×r, Σr ∈ Cr×r, and Vr ∈ C(N−1)×r,
where r ≤ rank(Y0:N−2).

Fig. 1: Schematic diagram of multiresolution representation,
illustrating an example of a 3-level tree structure. DC and
AC denote the direct current and and alternating components,
respectively.

2) Project K onto Ur to obtain:

Ǩ = UH
rY2:N−1VrΣ

−1
r , (6)

where H denotes the Hermitian transpose.
3) Compute the eigendecomposition ǨW = WΛ, where

W ∈ Cr×r and Λ ∈ Cr×r is a diagonal matrix
containing the eigenvalues of Ǩ.

4) Compute the dynamic modes of K as:

Φ = Y1:N−1VrΣ
−1
r W. (7)

5) The operator K is then approximated as:

K ≈ ΦΛΦ†, (8)

where † denotes the Moore–Penrose pseudoinverse. Based on
this formulation, the time evolution of the feature vector yk ∈
F̃ is approximated by

yk ≈ ΦΛkb0, b0 = Φ†y0. (9)

Using the feature vector yk ∈ RL, the state vector xk ∈ Rm

is reconstructed as:

xk ≈ VΛkb0, (10)

where V = D̂Φ. The continuous-time formulation is given by

x(t) ≈ VeΩtb0, Ω =
lnΛ

∆t
. (11)

In this way, CSC-DMD combines sparse feature represen-
tation based on a convolutional dictionary and time evolution
modeling via EDMD to effectively capture the dynamics of
nonlinear systems.

B. MR-CSC-DMD

MR-CSC-DMD, an extension of CSC-DMD that incorpo-
rates multiresolution representation in the spatial domain[9].
MR-CSC-DMD utilizes a (2 + 1)-dimensional synthesis dic-
tionary that separates spatial and temporal (stack) directions.
This synthesis dictionary is constructed as a tensor product
of a two-dimensional non-separable dictionary DXY and a
one-dimensional non-overlapping dictionary DZ, denoted as
DXY ⊗DZ.

Despite of the performance improvement , MR-CSC-DMD
faces challenges in high-dimensional settings. The redundant
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(a) (b)

Fig. 2: Illustration of two methods for capturing tangent spaces.
Each arrow indicates a coordinate axis corresponding to a filter.
Solid lines represent used coordinate axes, while dotted lines
represent ignored coordinate axes. (a) and (b) show a method
using sparse modeling and one using LSUN, respectively.

filter banks increase computational and memory demands due
to the necessity of higher-dimensional operations.

III. RIVERBED STATE ESTIMATION USING LSUN

In this section, we propose to introduce LSUN for riverbed
state estimation. LSUN extends the concept of block principal
component analysis (PCA) to overlapping local structures, en-
abling data-driven learning of tangent spaces while preserving
shift-variance in local coordinates [11][13]. LSUN employs an
adaptive mechanism instead of convolutional processing with
a selection mechanism such as sparse approximation. Fig. 2
compares the two different approaches for capturing tangent
spaces.

Yasas et al. proposed a dynamics modeling approach that
combines LSUN as a preprocessing step for DMD, using it
to support POD. This approach allows dimensionality reduc-
tion, computational cost reduction, and extraction of essential
features from data. LSUN still has potential for better perfor-
mance by introducing multiresolution representations.

In the proposed method, we adopt a state vector formu-
lation that incorporates multi-resolution representation and
delay embedding technique, both of which were shown to be
advantageous for riverbed state estimation in the CSC-DMD
work by Kobayashi et al.[9][14].

A. Training of LSUN

We employ LSUN with multiresolution representation as a
two-dimensional non-separable dictionary D̂XY with a tree-
structure of hierarchy level ℓ. The first goal is to learn a
unitary synthesis dictionary D̂XY that concentrates the input
energy ∥x∥22 of the input data x ∈ Rm in a lower-dimensional
subspace. We structurally force LSUN to have the No-DC
leakage property. The extracted DC components are further
analyzed by another LSUN in next level.

The LSUN design problem is formulated as follows:

{Θ̂ℓ}ℓ = argmax
{Θℓ}ℓ

∑

k

[
τ−1∑

ℓ=1

∥∥∥Γ(ℓ)
AC D

(ℓ)⊤
XYΘℓ

v
(ℓ)
k

∥∥∥
2

2

+
∥∥∥Γ(τ) D

(τ)⊤
XYΘτ

v
(τ)
k

∥∥∥
2

2

]
,

(12)

where Γ(ℓ) ∈ RB(ℓ)M×B(ℓ)M is the channel extraction matrix
with elements set to 1 for BK entries and 0 for the remaining
B(M −K) entries. Let M = MX ×MY, and the number of
blocks at tree level ℓ is B(ℓ). D(ℓ)

XYΘ ∈ RB(ℓ)M×B(ℓ)M denotes
the LSUN obtained through training in the ℓ-level tree. Note
that LSUN structurally satisfies D

(ℓ)
XYΘD

(ℓ)⊤
XYΘ = I, where I is

the identity matrix. For each sample number k, the input to
the first layer is denoted as v

(1)
k := xk, and the input to each

subsequent layer is recursively defined by propagating the DC
components extracted from the previous layer:

v
(ℓ+1)
k := Γ

(ℓ)
DCD

(ℓ)⊤
XYΘv

(ℓ)
k . (13)

Γ(ℓ) is split into two matrices: Γ
(ℓ)
DC ∈ {0, 1}B(ℓ)×B(τ)

,
which extracts one DC channel per block, and Γ

(ℓ)
AC ∈

{0, 1}B(ℓ)(M−1)×B(ℓ)(M−1), which extracts the remaining
(K − 1) channels per block, representing the residual (AC)
components. These matrices satisfy the following direct sum
relation:

Γ(ℓ) = Γ
(ℓ)
DC ⊕ Γ

(ℓ)
AC. (14)

Unlike the dictionary design of the conventional MR-CSC-
DMD, the proposed approach does not require any redun-
dant dictionary. Instead, it directly captures local coordinate
systems, thereby addressing challenges related to memory
consumption and computational cost associated with mapping
to higher-dimensional representations.

B. LSUN+POD+DMD

We propose a novel approach for riverbed estimation using
LSUN, POD and DMD. To estimate the riverbed state xbk

,
the state vector xk is defined as

xk :=

(
xbk

xbk−1

)
∈ Rm, (15)

where xbk
∈ Rmb is the riverbed state at time t = k∆t,

a delay embedding is incorporated into the state vector xbk
,

leading to m = 2mb. Using the time-series data {xbk
}, we

train D̂XY := DXYΘ̂S⊤
B,K . Here, SB,K ∈ {0, 1}BK×BM is

a subsampling matrix, where the relation ΓB,K = S⊤
B,KSB,K

holds. Using the learned D̂XY and time-series data {xk}N−1
k=0 ,

the LSUN coefficient data matrix is defined as

Y0 := D̂⊤
XY

[
x0 x1 · · · xN−2

]
. (16)

Then the leading r POD modes Ur is obtained by SVD for
LSUN coefficient data matrix Y0. Ur takes the place of D⊤

Z
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{𝐱b𝑘}𝑘=0
𝑁−1

𝐃𝜃

Time-delay
embedding

Proper orthogonal 
Dec. (POD)

Dynamic Mode 
Dec.(DMD)

𝐔𝑟

𝚽,𝚲
Time evolution

Training

𝐘0

𝐘1

𝐱 𝑡 = 𝐐෡𝐃𝚽𝒆𝛀𝑡𝚽†𝐱0 𝛀 = ln𝚲/Δ𝑡

Analyze using 
LSUN

Fig. 3: Overview of the proposed method. {xbk} is the riverbed time-series data. D̂XY is the unitary synthesis dictionary. Ur

denotes the principal POD modes.Y0 and Y1 are LSUN coefficient data matrix.Φ is a dynamic mode. Ω and Λ are eigenvalues.
Q is defined as Q := [I O].

in the MR-CSC-DMD framework. The matrix K̂ is obtained
by solving the optimization problem

K̂ = argmin
K

∥∥Y1 −U⊤
r KUrY0

∥∥2
F
, (17)

where ∥ · ∥F denotes the Frobenius norm. Also,

Y1 := D̂⊤
XY

[
x1 x2 · · · xN−1

]
. (18)

Then, by applying the EDMD framework, the dynamic modes
Φ and eigenvalues Λ of K̂ are obtained. The time evolution
is expressed as

x(t) = QVeΩtb0, (19)

where V = D̂XYΦ and b0 = Φ†x0 and Q is the matrix
that extracts xbk

from the vector xk, and is defined as Q :=
[I O], where I and O are the identity and zero matrices,
respectively.

An overview of the proposed method for deriving the time
evolution equation is shown in Fig. 3.

IV. PERFORMANCE EVALUATION

To verify the effectiveness of the proposed method, we
evaluate its performance through experiments on riverbed state
estimation. In this study, we utilize an experimental river setup
and ST developed by Moteki et al. [12], to simultaneously
measure the shapes of the water surface and the riverbed. ST
is a mechanical device that scans the reflective positions of
flowing water and moving sediment using a sheet laser and
two cameras facing each other with the laser sheet between
them. The experimental river model has a length of 12 meters,
a width of 0.45 meters, and a channel slope of gradient 1/200.

The data were sampled every 10 minutes from 100 to 440
minutes after the start of inflow. The data from 100 to 250 min-
utes were used for training data {xk}N−1

k=0 , and the data from

Fig. 4: Comparison between the conventional method and the
proposed method for riverbed estimation.

260 to 440 minutes were used for testing. The effectiveness
of the proposed method is evaluated using experimental data
with LSUN1 configuration parameters; block size [MX, MY]
= [2, 4], the tree level τ = 4, the number of coefficients per
block K(ℓ) was set to [K(1),K(2),K(3),K(4)] = [1, 1, 1, 4]
corresponding to each tree level ℓ, which match to the number
of non-zero components per block in the sparse coefficients for
MR-CSC-DMD. The number of overlapping blocks [JX, JY]
is varied for JX = JY ∈ {1, 3, 5} and the number of POD
modes r is varied from 8 to 14.

We evaluate the performance of the proposed method using
the root mean square error (RMSE) between estimated and
observed data.

A. Estimation results

We compare the estimation performance of using our
proposed method against the previous MR-CSC-DMD and

1GitHub TanSacNet Project https://github.com/msiplab/TanSacNet
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TABLE I: Comparison of state vector and processing time in
the experiment. yk = D̂⊤

XYxk is the size of the feature vector.

Proposal POD+DMD MR-CSC-DMD
yk 48 × 1 24576 × 1 126384 × 1

Processing time [sec] 0.25 0.10 0.53

TABLE II: Riverbed estimation results of proposal for varying
the numbers of POD modes r and overlapping blocks [JX, JY].
RMSE represents the average over the entire estimation period.
The block size and the tree level are fixed to [MX,MY] = [2, 4]
and τ = 4, respectively.

r [JX, JY] RMSE [m]

14 (full modes) [1,1] 4.3 × 10−3

14 (full modes) [3,3] 3.9 × 10−3

14 (full modes) [5,5] 4.0 × 10−3

7 [3,3] 3.6 × 10−3

9 [3,3] 3.6 × 10−3

11 [3,3] 3.9 × 10−3

POD+DMD method. The former method shows the best per-
formance by varying the number of overlapping blocks and the
regularization parameter, using the configuration in reference
[9] as a baseline. The latter method performs dimensionality
reduction in the temporal direction by projecting the data onto
the POD basis without applying LSUN. Table I shows the
size comparison of the state vectors yk = D̂⊤

XYxk and the
average processing time per frame required to estimate the
riverbed state through the derived time evolution equation.
The computational specifications and simulation tools used
to measure the processing time were Intel Core i5-14400F
CPU, 32GB RAM, and MATLAB R2022b. Fig. 4 shows the
RMSE results. The experimental results demonstrate that the
proposed method enables dimension reduction of the dynamics
while achieving more accurate riverbed state estimation than
the others. The processing time comparison shows that the
proposed method achieves improved performance and faster
processing speed compared to MR-CSC-DMD, although it
is slower than POD+DMD. Note that the MR-CSC-DMD
framework adopts a fixed Discrete Cosine Transform (DCT)
in DZ, as in reference [9]. It can be replaced with POD,
but this does not effect the dimensionality reduction of fea-
tures. Regarding the computational cost of POD, the proposed
method significantly reduces memory usage and computation
power because the analysis is applied to the low-dimensional
coefficient matrix Y0.

Table II summarizes the results obtained by varying the
number of overlapping blocks in LSUN and the number of
POD modes used. The block size is fixed to [MX, MY] =
[2, 4], and the tree level is set to τ = 4. From the table
results, we confirmed that the use of spatial overlapping in
LSUN improves the performance, and that POD-based mode
reduction also contributes to performance enhancement.

Table III summarizes the results obtained by varying the tree

TABLE III: Riverbed estimation results of proposal for varying
tree level τ and delay embedding. RMSE represents the
average over the entire estimation period.

Tree level τ Delay embedding RMSE [m]

1 No 4.0 × 10−3

1 Yes 3.7 × 10−3

4 No 3.9 × 10−3

4 Yes 3.6 × 10−3

Fig. 5: Effect of multiresolution representation and delay
embedding. Comparison of tree level τ = 1 and τ = 4.

level τ and applying delay embedding. The results confirm
that both multiresolution representation and delay embedding
contribute to the performance improvement, and that the best
performance is achieved when both are applied. Fig. 5 shows
the estimation results when multi-resolution representation is
incorporated into LSUN and applying delay embedding. By
increasing the tree level τ , it becomes possible to capture large-
scale changes in the river, confirming the effectiveness of the
method for long-term estimation.

V. CONCLUSION

In this paper, we proposed riverbed state estimation using
LSUN, POD and DMD, and evaluated its performance through
estimation experiments. The proposed method was assessed
by comparing in terms of the RMSE and the size of the
feature vector sequence analyzed by DMD, confirming its
effectiveness for riverbed state estimation. We also evaluated
the riverbed state estimation performance by incorporating the
multiresolution representation into LSUN and applying delay
embedding.

By comparing the proposal with MR-CSC-DMD and
POD+DMD, we verified that LSUN allows dimensionality
reduction while providing more accurate riverbed state estima-
tions in long-term estimation. Additionally, further improve-
ment is observed by the multiresolution representation with
LSUN and delay embedding.

Future work includes investigating performance variations
by changing the tree level τ and the number of LSUN channels
K.
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