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Abstract—Deep unfolding has become a powerful paradigm
for converting iterative sparse-optimization solvers into trainable
neural architectures. However, most existing unfolded networks
—such as Learned ISTA (LISTA)—inherit the soft-thresholding
operator and therefore cannot enforce explicit non-negativity,
which is essential in many signal processing and imaging applica-
tions. We propose the reflected-ReL.U-augmented £, regularizer,
which simultaneously promotes sparsity while penalizing negative
coefficients. We derive its closed-form proximal mapping and
show that it reduces to a piece-wise affine “reflected-ReLU”
shrinkage. By unfolding an ISTA scheme equipped with this
proximal operator, we obtain non-negative LISTA (NNLISTA), a
deep-unfolded network that learns sparse and non-negative rep-
resentations end-to-end. Experiments on sparse coding and com-
pressed sensing tasks that require non-negative signal recovery
consistently demonstrate that NNLISTA outperforms standard
LISTA in estimation accuracy.

I. INTRODUCTION

Over the past decades, convex optimization based on sparse
modeling—hereafter simply sparse optimization—has become
a unifying mathematical framework for signal processing,
machine learning, and inverse problems, powering applications
such as denoising, deblurring, compressed sensing, regression,
and classification [1]-[8]. The canonical sparsity-promoting
¢1-norm is non-differentiable at the origin, which once made
{1-regularized problems more difficult than their smooth coun-
terparts; the advent of proximal splitting methods has since
rendered such problems tractable and spurred increasingly
rich sparse models. In high-dimensional restoration tasks,
for instance, group-sparse modeling with mixed norms (e.g.
the ¢ ;1-norm) or the total-variation (TV) regularizer is now
standard practice for capturing piecewise-smooth structure in
images and videos [6]-[9].

Beyond sparsity alone, many real-world signals are a pri-
ori non-negative—pixel intensities, amplitude spectrograms,
Poisson event rates, or regression coefficients with physical
meaning. Incorporating this prior, either as a hard constraint
enforced by projected methods (ISTA, FISTA, ADMM, or
primal—dual splitting) or via one-sided/asymmetric ¢; penalties
that softly suppress negative components [10], [11], improves
interpretability, identifiability, and numerical stability. Classi-
cal examples include non-negative matrix factorization (NMF)
for speech and acoustic processing [12], [13] and non-negative
LASSO for interpretable sparse regression.

First-order algorithms such as ISTA, FISTA, and ADMM
typically require tens of iterations to reach acceptable accuracy
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—too slow for latency-critical tasks. Deep unrolling (a.k.a. un-
folding) alleviates this bottleneck by interpreting each iteration
as a neural network layer whose parameters are learned end-to-
end, thereby retaining much of the interpretability and theoret-
ical guarantees of the underlying algorithm while accelerating
inference by orders of magnitude. Seminal examples include
LISTA [14], Deep-ADMM-Net [15], and Deep-AMP [16].
Yet almost all existing unfolded networks either ignore non-
negativity or impose it crudely with a post-layer ReLU, which
destroys the proximal structure and eliminates any tunable
trade-off between sparsity and positivity.

In this work, we propose a convex composite regularizer that
promotes both sparsity and non-negativity while admitting a
closed-form proximity operator suitable for deep unfolding. Its
proximity operator is a three-segment positive soft-threshold
that smoothly interpolates between ordinary LASSO and fully
constrained non-negative LASSO. Embedding this operator in
a forward—backward (proximal-gradient) scheme and unrolling
the iterations yields non-negative LISTA (NNLISTA), which
learns the sparsity—positivity balance from data while retaining
the speed and interpretability of deep unfolding.

Contributions

1) We introduce the reflected-ReLU-augmented ¢; regular-
izer (RR-{; regularizer), the sparsity-plus-non-negativity
penalty with a closed-form proximal mapping, enabling
end-to-end learnable deep unfolding.

2) We derive the corresponding forward—backward algo-
rithm and unroll it into NNLISTA, thereby preserving
convexity, interpretability, and fast inference.

3) Experiments on sparse-coding and compressed-sensing
tasks requiring non-negative recovery show that
NNLISTA consistently outperforms standard LISTA
while maintaining computational efficiency.

It is worth noting that while we demonstrate the proposed
regularizer using LISTA, it can be incorporated into any deep
unrolling approach.

The remainder of the paper is organized as follows. Sec-
tion II reviews convex analysis and proximal algorithms.
Section III details the RR-¢; regularizer, its proximal operator,
and the NNLISTA architecture. Experimental results are in
Section IV, and conclusions are in Section V.
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A. Notation

Bold uppercase letters denote matrices, whereas bold lower-
case letters denote vectors. N is the set of natural numbers and
R the set of real numbers. We write Ry := {a € R | a > 0},
Ryt :={a € R | a > 0}, for the non-negative and positive
reals, respectively. The set of N-dimensional real vectors is
RY, and the set of real matrices of size N, x N, (N, N. € N)
is RV»xNe T denotes the identity matrix. For X € RNexNr
its transpose is X | € RNV Ne,

For a vector x € RY and p € [1,00), the £,-norm || - ||, :
RY = R, is

N 1/p
Il = (3 leal”) (M
n=1

II. PRELIMINARIES

A. Convex functions, convex sets, and convex optimization
problems [4]

A function f: RY — R is called convex if, for any X,y €
RY and any « € (0,1),

flax+ (1 —a)y) <af(x)+ (1 —a)f(y). 2)

Regarding vectors x,y € RY, the inequality x < y means
z, < yn for all n. A vector-valued function f : RY — RM
that satisfies (2) is also called convex. For functions f : RM
Rand g : RY — A C RM, their composition fog:RY — R
is convex if and only if both f and g are convex and f is non-
decreasing on A, ie. x <y = f(x) < f(y). Aset C C RY
is called convex if, for any x,y € RY and any o € (0,1),
ax+ (1 —a)y € C. Finding a minimizer (or maximizer) of a
convex function f : R — R over a convex set C C RY,

x* € argmin f(x), 3)

xeC

is called a convex optimization problem. Convexity of the
objective and feasible set guarantees that any solution obtained
is globally optimal.

B. Lower-semicontinuity and proper convex functions [4]

A convex function f : RN — R is lower-semicontinuous if
every level set {x € RV | f(x) < a} (Va € R) is closed. It is
proper if its effective domain dom(f) := {x € RV | f(x) <
oo} is non-empty. The set of all lower-semicontinuous proper
convex functions on R” is denoted I'o(R™).

C. Proximity operator [4]

For f € T'o(RY), the proximity operator prox, s : RY —
RY (y € R, ) is defined by

. 1
prox, (x) := argmin 17 (y) + ¢ |x —y[3. @
yeRN

Orthogonal projection onto a convex set C' C RY, Po(x) :
RY — RN, is a special case obtained by taking f = i¢,
the indicator function tc(x) = 0 if x € C and 1¢(x) = c©
otherwise:

prox,,  (x) = argmin ||x — yl3 = Pc(x). 5)
yeC

D. Subdifferential [4]
For f € T'o(RY), the subdifferential at x € RY is

Of(x) :={ueRY | fy) > f(x)+ (u,y —x), ¥y € RV}.
(©)

If f,g € To(RY) and ri(dom(f)) Nri(dom(g)) # @, then
I(f + g)(x) = 0f(x) + dg(x). Moreover, for f € ['x(RN),

x* € argmin f(x) < 0 € Jf(x*). ™)
x€RN

E. Proximal gradient method [4]

Let f,g € T'o(RY) with f differentiable and its gradient
B-Lipschitz, ie. |[Vf(x) — Vf(y)llz2 < Bllx — yll2 for all
X,y, and assume that the proximity operator of g is easy to
compute. Then the minimizer

x* € argmin f(x) + g(x) (8)
x€ERN
can be obtained from any initial point x(°) € RN by the
iteration

k+1)

x( (x®) — avf(x®)), ©)

= Prox,,

where a € (0, %)

F. Sparse optimization problems and solution algorithms

In many signal-processing tasks such as compressed sensing,
signal restoration, and regression, the observation model

y=®x+n (10)

is used, where ® € RM*N (M < N) represents the sensing
process (e.g. a sampling matrix) or a basis/frame/dictionary,
and n € RM is Gaussian noise. Assuming sparsity of x, one
often formulates the estimation of x from y as

x* = argmin §[|®x — y[[3 + plx|i,  pE€Ryy, (A1)

xERN
which is well known as LASSO. Problem (11) fits the frame-
work of the proximal gradient method, and starting from any
x(® € RY one obtains the optimal solution via the iteration
called ISTA [17]:

(1) _ Softau(xm ol (@x®) y)), (12)

where o € (0,2/0max(®"®)) and Softy : RN — RN
(A € Ry 4) is the soft-thresholding operator, i.e. the proximity
operator of the /;-norm:

Soft(x) == [sx(z1) sa(zn)] ',
r—XA (z>X)
sa(z):= <0 (-A<z<)\). (13)
r+ A (z<=N)

As illustrated in Fig. 1, the soft-thresholding operator sets
components with small magnitude (relative to the threshold)
to zero, thereby promoting sparsity.
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Fig. 1: Soft-thresholding operator (proximal mapping of the ¢4
norm)

Y->W »x*
S o)
(a) ISTA
y-{W]
(b) LISTA

Fig. 2: ISTA and its deep unrolling (LISTA)

G. Deep Unrolling

Deep unrolling unfolds the iterative steps of a proximal-
splitting algorithm into a feed-forward neural network so that
standard deep-learning techniques (back-propagation, stochas-
tic gradient descent, etc.) can be applied to learn various
parameters (step size, regularization weights) directly from
data. Compared with a conventional optimization algorithm,
deep unrolling often accelerates convergence. In this work, we
focus on LISTA (Learned ISTA), a prototypical deep-unrolling
method.

First rewrite ISTA in (12) as

x(k+1) — Softa,((I — a® " ®)x*) + a<I>Ty)
= Softa, (Sx™* + Wy), (14)

where S :=1— a®"® and W := a®". Equation (14) can
be viewed, as in Fig. 2(a), as an algorithm that feeds back
the updated estimate, but, when unrolled as in Fig. 2(b), it is
equivalent to a neural-network architecture consisting of matrix
multiplications and the non-linear soft-thresholding operation.
Denoting this network by Nete : RM — RY, we learn its
parameters © (matrices, step size, regularization weights) from
training data {(x;,y;)} """ by minimizing the loss

Ntrain
o0r = i L(Neto(y;), x;), 15
argémn ; ( eto(y:) x) (15)

after which an input y is processed as Netg«(y).

III. NON-NEGATIVE LISTA WITH
REFLECTED-RELU-AUGMENTED #; REGULARIZATION

A. Reflected-ReLU-Augmented {1 Regularizer

We propose a convex formulation that considers both spar-
sity and non-negativity. We first construct a convex penalty for
negative values using the rectified linear unit (ReLU). For a
scalar input,

R(z) := max{z,0}, (16)

and for a vector input R(x) := [R(z1),...,R(zxn)]T. The
reflected ReLU (RReLU) is

R (x) := R(—z) = max{—z,0},
Ro(x) i= [Rp(21), ..., Re(zn)] . (17)

Because both ﬁr and the /-norm are convex and the latter is
non-decreasing on R, their composition ||R,-(-)||1 is convex
and imposes a larger penalty when negative entries are present.
Combining it with the #;-norm yields the RReLU-augmented
{1 (RR-¢7) regularizer.

Foy iz (%) = pua||xl1 + pa| Ry ()1, (18)

where p1, 12 € Ry 4. Note that the RR-/; regularizer remains
convex.

To illustrate how the reflected ReLU imposes a penalty
on negative components, consider the following simple two-
dimensional examples. Let 3\((1) = [2, 1] and x® =

[0, —1]7. We compute R.(x) and the corresponding
|R(x)|1 for each case:
« For xV = [2, 1JT: R (xV) = [0, 0], then
IR (xM)l1 = 0. ~
e For x® = [0, —1]": R.(x®) = [0, 1], then

9
IR (x| = 1.

These examples clearly demonstrate that [|R,(x)||; in-
creases proportionally to the magnitude and number of neg-
ative components in x. Thus, the RR-/; regularizer acts as
a convex and continuous penalty that discourages negative
entries while preserving differentiability almost everywhere.

B. Proximity operator of RR-{1 regularizer
Theorem 1. For F,,, ,,, : RN — R with p1, 0 € Ry,

prox,z, .. (%) = [frvpn i (1) s Py o (xN)]Tv (19)
where
T — M (x > A1),
() =40 (M =X <2< N), (20)
T+ A+ A (< =X — o).

Proof: The function F,, ,, is separable, so its proximity
operator can be computed component-wise. We consider the
scalar function

1
T (y) = v ly| + yp2 max(—y, 0) + 5 (v — y)%, (21
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and aim to solve

(z) = argmin J (y). (22)

Prox., r
yeR

H1sH2

We divide the real line into three regions and analyze the
behavior of 7 (y) piecewise.

Case 1: y >0
In this region, |y| = y and max(—y,0) = 0. So:

1
J () =ymy + 5 (@ —)*. (23)
Taking the derivative with respect to y and setting it to zero:
aJ
Ty=vu1—(x—y)=0 = y=r—ym. (24

We require y > 0, so this solution is valid if > yu;.

Case 2: y <0
In this region, |y| = —y and max(—y,0) = —y. Thus:

1
T () = =v(m + p2)y + 5z —y)*. (25)
Setting the derivative to zero:
dJ
@20 = y=x+ (1 + p2). (26)
This is valid when y < 0, i.e.,, x < —7y(u1 + ua2).
Case 3: y =0

We check whether y = 0 is a minimizer by computing the
subdifferential of J at y = 0:

0J(0) = ypa[=1,1] + vp2[~1,0] — z. (27)
This set is
(=7 (1 + p2) = @, ypa — . (28)
If 0 € 07(0), then
=y (u1 + p2) Sz <y (29)
Thus, y = 0 is optimal when x € [—y(u1 + p2), yi1]-

Combining all three cases and letting Ay = yu1, Ao = Yo,
we obtain

T— M if £ > A,
(@) =10 if =M —A<z<)\, (30)
r+ A+ X ifxr <=M — Ao
This completes the proof. ]

C. Solution via the proximal-gradient method

Substituting F,,, ,,, for the ¢;-norm in (11) gives

x* = argmin%H(I’x—yH%—|—]-"M1,H2(X), (31)
xRN

solved by
X(k+1) - proxa]:uy#g (X(k) - OZ@T((PX(]C) - y))’ (32)

which reduces to ISTA when o = 0.

Fig. 3: Proximity operator fx, x,

y W~~

Fig. 4: Non-Negative LISTA (NNLISTA)

D. Deep-unrolled version: Non-Negative LISTA

Because NNISTA differs from ISTA only in its proximity
operator, it can be unrolled analogously, yielding non-negative
LISTA (NNLISTA). Rewriting

x*D = prox, = (SxM) + Wy), (33)

we unroll the iterations as in Fig. 4 and train the parameters
by minimizing (15).
E. Comparison with conventional
optimization

non-negative  sparse-

Conventional approaches impose non-negativity as an ex-
plicit constraint, leading to

x* 1= argmin 3| ®x — y|3 + pllx[1 st.x>0, (34)
x€ERN
which is typically solved by ADMM or PDS.
1) [Example (ADMM).]: For f,g € To(RY),

argmin f(x) + g(z) s.t. z = Lx (35)

is solved iteratively via
x(*+1) = argmin f(x) + 2| Lx — z® +u® |2,
2+ = argmin g(z) + 2| Lx*+) — z + u®||3,
u(k+1) — u(k) + Lx(k""l) — Z(k""l)_
Choosing /(x) = 4[|®x — y[3. g(z) = ullz2 [ + 150y (22).
L=[I"TI"]T gives Algorithm 1. A drawback is the matrix
inversion required in large-scale problems.
IV. EXPERIMENTAL RESULTS

We evaluated the proposed NNLISTA through two experi-
ments: sparse recovery of synthetic non-negative signals and
compressed sensing reconstruction on MNIST images. In both
cases, NNLISTA is compared against conventional LISTA.
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(a) Original (b) Original

(f) LISTA (23.24) (g) LISTA (18.62)

(k) NNLISTA (24.64) (1) NNLISTA (18.83)

(p) LISTA (22.91) (q) LISTA (18.10)

(u) NNLISTA (24.48) (v) NNLISTA (18.31)

(c) Original

(h) LISTA (27.57)

(m) NNLISTA (27.92)

(r) LISTA (27.02)

(w) NNLISTA (27.66)

(d) Original

(e) Original

(i) LISTA (19.89) (i) LISTA (21.10)

E

(n) NNLISTA (20.39) (o) NNLISTA (21.14)

(s) LISTA (19.64) (t) LISTA (21.42)

(x) NNLISTA (20.12) (y) NNLISTA (21.71)

Fig. 5: Compressed sensing reconstruction results on MNIST data using LISTA and NNLISTA. (f)—(0): ¢ = 0.01, (p)—(y):

o = 0.1. Numbers indicate PSNR [dB].

A. Sparse Recovery of Non-Negative Vectors

We first compared LISTA and NNLISTA under a syn-
thetic sparse—coding setup. The dictionary ® € R70*100 yag
generated by sampling each entry from a zero-mean, unit-
variance Gaussian distribution. The ground-truth coefficient
vector x € R0 was constructed by selecting ten percent of
the indices N C {1,...,100} uniformly at random and setting
zn = 1 for n € N, and x,, = 0 otherwise. Observations were
generated as in (10), where n is additive white Gaussian noise
with standard deviation o € {0.01, 0.03, 0.05}. We gener-

ated 100000 training pairs and 1000 test pairs. Both LISTA
and NNLISTA were implemented with 15 layers. LISTA
learned {uy};2,, while NNLISTA learned both {suy1}12,
and {p2}+> ;. Weight matrices W and S were trained and
shared across layers. Training used the Huber loss and ran
for 500 epochs. Performance was evaluated using the SNR
[dB] between the reconstructed signal ®X and the ground truth
‘I)X(TeSt).

As shown in Table I, the proposed method (NNLISTA)
achieves consistently higher reconstruction accuracy com-
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Algorithm 1 ADMM for solving (34)

1: k < 0. Initialize x(©, zgo), zgo), ugo), u<20).
2: while & =0 or [|x*) —x(*E=D|ly > eg0p do
30 x0T @Te oD N (@ y + (" +287) —n” +

ul?))

4: z(lk_H) « Soft, /y (X(I“Ll) + ugk))
5: z;k+1) — max(x<k+1) + ugm, 0)
6: u§k+1> —ul®) g xet1) gD
7. u2k+1> - uzk) + x(B+1) _ z2k+1)
8: k+«—k+1

9: end while

10: Output x(F).

TABLE I: Results of sparse coding

Average SNR [dB] Num. negative entries

Noise Observation LISTA  NNLISTA | LISTA  NNLISTA
o =0.01 26.37 27.31 27.95 53 0
o =0.03 16.83 20.39 20.73 502 0
o =0.05 12.39 16.76 17.06 610 0

pared to LISTA. Since the true coefficients are non-negative,
NNLISTA’s explicit non-negativity modeling better matches
the data and improves estimation performance. Notably, the
total number of negative entries of all the reconstructed signals
obtained by NNLISTA was zero, confirming the effectiveness
of the non-negative regularization.

B. Compressed Sensing on MNIST Images

Next, we evaluated NNLISTA on compressed sensing re-
construction of MNIST digits. Each 28 x 28 image (x €
[0,1]"4) was compressed into M = 100 random lin-
ear measurements using a Gaussian sensing matrix ® €
R100x784 = Additive Gaussian noise with standard deviation
o € {0.01,0.03,0.05,0.1} was added to the compressed
signals. A total of 100 images were sampled from the MNIST
test set for evaluation. The training set consisted of 60000
images and the test set consisted of 10000 images. Both LISTA
and NNLISTA were implemented with 15 layers and trained
for 100 epochs using a learning rate of 5 x 10~ PSNR
between the reconstructed image and the original ground-
truth image was used as the evaluation metric. As shown in
Table II, NNLISTA achieves slightly but consistently higher
SNR compared to LISTA across all noise levels. Although
NNLISTA produces a small number of negative entries, as
indicated by the total number of images containing negative
values and the total number of negative elements in Table II,
the proportion is extremely small relative to the 10,000 test
images. This confirms that the non-negative regularization
is effectively enforced and is beneficial in realistic image
recovery scenarios, especially when the target signals are
known to be non-negative.

V. CONCLUSION

We proposed an approach to non-negative sparse optimiza-
tion by combining the ¢;-norm with a reflected ReLU to build
a convex regularizer that simultaneously promotes sparsity and
non-negativity. We derived its proximity operator in closed

TABLE II: Results of compressed sensing

Average SNR [dB] Num. neg. images and entries
Noise LISTA  NNLISTA LISTA NNLISTA
o =0.01 | 21.65 22.12 382, 463 30, 34
o =0.03 | 21.79 21.86 469, 603 18, 23
0 =0.05 | 2158 21.81 597, 821 22,25
o =0.10 | 20.99 21.46 679, 1010 22, 26

form and developed an efficient proximal-gradient algorithm
(NNISTA). By unrolling NNISTA, we obtained NNLISTA, a
deep model that inherits the interpretability of optimization al-
gorithms while benefiting from data-driven parameter learning.
Numerical experiments on compressed-sensing data confirmed
the effectiveness of the proposed method.
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