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Abstract—In this work, we propose a lightweight and inter-
pretable hybrid-driven extended object tracking (EOT) method
that integrates deep neural networks with the conventional
random matrix-based EOT algorithm based on a state space
model. Two main issues in current methods are addressed herein,
namely, performance degradation of model-based algorithms with
partially unknown parameters of the state space model, and
the high computational complexity and lack of interpretability
of deep-neural-network-based approaches. We develop a positive
definiteness and symmetry preservation scheme. Both the simu-
lation and experimental results generated from the pre-processed
synthetic marine X-band radar measurements demonstrate the
superior performance of our method.

I. INTRODUCTION

With the growing use of high-resolution radar sensors, such
as X-band marine radar widely applied for vessel tracking [1],
extended object tracking (EOT) has gained increasing atten-
tion [2], owing to its capability of jointly estimating both the
kinematic and extension states of an object [3]. As a result,
EOT plays a vital role in autonomous driving [4], maritime
surveillance [5], and other fields.

In recent years, among the celebrated model-based (MB)
inference EOT algorithms such as random hypersurfaces [6],
particle filters [7], and random matrix (RM) [3], [8]-[11],
RM-based algorithms have emerged as a representative, com-
putationally efficient and interpretable [10], [11] approach.
In RM-based methods, the extended object (EO) is typically
modeled as an ellipse or a combination of ellipses, with
the extension state modeled by a symmetric positive-definite
(SPD) matrix governed by an Inverse-Wishart distribution.
However, as experimentally validated hereinafter, the tracking
performance of these MB algorithms would generally degrade
in the scenarios that the state-space (SS) model parameters are
imprecise, or even partially unknown, as the MB algorithms
rely on the accurate SS model parameters.

The efficacy of Deep neural network (DNN)-based methods
have also been validated for EOT [12]. Incorporating the de-
coupling technique, the DNN-based approaches could track the
states of the kinematics and the shape of the EO with Kalman
filters (KFs) and CNNs, respectively [13], [14]. Though these
DNN-based methods could achieve superior performance in
challenging real-world scenarios [14], they lack interpretability
and are generally computationally expensive.
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Considering the pros and cons of the MB and deep neu-
ral network (DNN)-based methods, hybrid-driven (HD) ap-
proaches that combine domain knowledge with data-driven
learning have recently gained increasing attention [15]. Specif-
ically, the structure-oriented DNN-aided inference meth-
ods [16], [17] could effectively track point targets by embe-
ding DNN modules into MB algorithms to estimate critical
statistics. Moreover, gated recurrent units (GRUs) have been
demonstrated to be effective in learning temporal dependencies
of statistics such as Kalman gains [16], while split architectures
that decouple process-noise-related and measurement-noise-
related estimations could enhance the robustness of point target
tracking with partially unknown parameters [17]. Nevertheless,
developing efficient hybrid-driven methods for EOT remains an
open problem.

We propose herein a lightweight and highly interpretable
DNN-aided EOT framework, which is robust in the tracking
scenarios with partially unknown parameters. Our approach
integrates DNNs into the conventional RM-EOT algorithm [9],
leveraging the principles of structure-oriented DNN-aided in-
ference [15]. Further, we develop a computationally efficient
positive definiteness and symmetry preservation scheme to
estimate the statistics obtained via the DNNs. Simulation
results with the pre-processed synthetic marine X-band radar
measurements demonstrate the superiority of the proposed
method with partially unknown parameters.

II. PROBLEM FORMULATION

We consider tracking a single EO, whose shape is modeled
as an ellipse in the d = 2 space [3], [8], [9]. The EO’s
comprehensive state at time step k includes its kinematic state
z, = [pl,vy]T with p, and vy denoting the position and
velocity, respectively, as well as its extension state X £
Q(0)diag(1?,12)Q(0)T € R?¥9, where [; and I are the semi-
cos (f) —sin(6)
sin (0)  cos(0)
rotation matrix parameterized by orientation angle 6 [9].

Consider the following dynamic model of the EO kinematic
state [3], [8], [9],

axes of the ellipse, and Q(0) = [ is the

xy = Fre,_1 +wi_1, wg~N(02, Dy ® Xy), (1)

with the covariance matrix Dj, € R4*? of the corresponding
Gaussian process noise in the one-dimensional (1-d) model [9].
Following [3], [9], we assume that Fk L2 F, ® I, with
F'j; denoting the 1-d state transition matrix, for the sake
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of simplicity in deriving the MB inference process of the
proposed HD-EOT.

The evolution of the EO extension follows a Wishart evo-
lution model [9]

p( Xy | Xi1) = W(Xk; 0, Ar X1 AL), ()

with degrees of freedom d;, > d—1 and the invertible extension
evolution matrix A; € R¥*4 [9].

The original measurements of the EO are acquired by a ma-
rine X-band radar, and then pre-processed utilizing a Constant
False Alarm Rate (CFAR) detector to produce polar detections
(range and azimuth), which are subsequently transformed into
Cartesian coordinates [18]. Each resulting measurement zj,
could be modeled as

2 = Hyxy + v}, v ~N(04ByX.BY), (3)

with the invertible matrix
B = (\X,+ R X', 4)

describing the observation distortion of the extension [9], [10],
[19], with A denoting a scaling factor for the spread contribu-
tion of the EO extension X, and R the true measurement
noise covariance matrix [8]. Following [3], [9], we assume that
the measurement matrix Hj, £ H; @ I, with H, denoting
the 1-d measurement matrix.

For brevity, let &j; and X k); denote the instantaneous
estimates of the kinematic state and the extension state at each
time step k > j, respectively, utilizing the measurements up to
time step j. Let Xy ; £ E {(wx — &) (@, — &p);)" } denote
the covariance matrix of the kinematic state estimation error.
Following [3], [9], we assume that iz, 4 = P11 ® Xy
and Xp = Py @ X, with Pyp_1 and Py denoting the
predicted and updated 1-d kinematic error covariance matrix,
respectively.

The comprehensive state of the EO could be predicted in
light of (1) and (2) in the prediction step. Whereas in the update
step, in light of the Bayes’ formula, the conditional probability
density function (pdf) p (:ck, X | Zk) is given by [9]

p(zw, Xk | ZF) o< p (Zy, | @p, X1, ZF7Y) p (2, X1 | ZF71)

- N (zk;Hka:k,BkaBg/nk) w (Zk;nk - LBkaBE)

N (@k; Zjp—1, Prjp—1 © X)) IW (Xk;ﬁkuq—h Vk|k—1) ,
S

where the centroid measurement z; and the corresponding
scattering matrix Z, are respectively given by [3]

S
2me " (©)

N j ] T
ijl (zk — zk) (zk — zk) . @)
Based on this, a closed-form recursive algorithm, termed the

RM-EOT could be derived, with specific equations presented
hereinafter.

[I>

Z

We consider the partially-unknown scenario where the pa-
rameters of the SS model are partially unknown. Specifically,
we have the following assumptions

A1l The measurement matrix H . 18 assumed to be accurate.

A2 The matrices F), and Ay approximately describe EO
dynamics, with unknown Dy, and 6.

A3 The observation distortion Bj is given by (4), with
unknown Rj.

In light of Assumptions Al, A2 and A3, we herein design
a computationally efficient and robust DNN-aided method to
track an EO with partially unknown state space model param-
eters, leveraging the hybrid inference methodology combining
DNNs and MB algorithms.

III. DNN-AIDED HD-EOT METHOD

We now develop the DNN-aided HD-EOT method, which
is interpretable. At each time step k, the HD-EOT follows a
prediction-update structure akin to that of the RM-EOT. We
use a dedicated neural network module, EOTNet, to estimate
the statistics that may deteriorate due to partially unknown
parameters.

A. Abstract Level Architecture

We first propose a positive definiteness and symmetry
preservation scheme as an indispensable ingredient for the
HD-EOT such that we could retain the SPD structure of the
predicted 1-d state error covariance matrix Pp;_1, and ensure
that the 1-d innovation covariance matrix [9]

By,

S 2 HyPy HE+ 24 ®)
N

is positive. Specifically, we have Py = Lp7k.L;7k and

Sk = Ls LT, with the following constraint

Cl L, is a lower triangular matrix with positive diagonal
elements, and L, ; is a positive scalar.

Notice that both square root matrices in By (4) could be
represented in the form of their Cholesky decomposition.
Correspondingly, we have

C2 By is a lower triangular matrix with positive diagonal
elements.

Consequently, the task of the EOTNet becomes estimating
Ly, Ls i, and By, instead of directly estimating Py r_1, Sk.

We then revamp the prediction of the conventional frame-
work of the RM-EOT in the absence of the prior knowledge
of the 1-d process noise covariance matrix D}. We utilize the
EOTNet to predict L, , with the inference logic resembling
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Fig. 1: Abstract Level architecture of the HD-EOT.

that of the RM-EOT [9]. Specifically, at each time step k,

Tpjp1 = (Fr @ Iq) Zp_1, )
Ap—1 = D1 — 2d — 2, (10)
20k (Ag—1+1) Mg—1 = 1) (-1 — 2)

/Z) — =
Hlk A2_1 (Ae—1 4+ 6%)
+2d + 4, 11)
. 0w .
Vi1 = Ak’“l (Oppor — 24— 2) ALV AL, (12)
Xpe-1 = Vip—1/ (01 — 2d — 2) . (13)

We further develop an alternative update step in place of the
counterpart in the RM-EOT, under Assumptions A2 and A3.
By, and L, would thus be obtained through the EOTNet.
Specifically, akin to the square-root filtering strategy [20] and
the inference logic of the RM-EOT, at each time step k,

9r =z — (Hp @ 1) &gpp—1, (14)
Ki=LpxLy HyL L7, (15)
—1
Ley=Lp— KLy (Ls.k + |Bk|> HiL,;, (16)
’ ’ Ve
& = Eppo1 + (K @ 14) gy, 17)
U = Ug|k—1 + Nk, (18)
Ny =L} L, 19,9% (19)
Vi=Vip_1+Ny+B;'Z,B,", (20)
Xyp=Vy/ (06 —2d—2). 1)

Notice that we simplify the update of Py; by updating L.
in place of directly updating Py,;. Notably,

LeyLl, = Py — K. S, K, (22)

which is consistent with the update of the 1-d kinematic error
covariance matrix in [9].

The abstract level of the aforementioned DNN-aided HD-
EOT enhanced predication and update procedure is summa-
rized in Fig.1.

B. EOTNet Architecture

We now elaborate the network framework of the EOT-
Net, composed of perceptron models [21] and GRUs [22].
Specifically, the former handle basic matrix operations such
as inversion and multiplication, whereas the latter estimate
temporally dependent statistics [16].

To enforce constraints C1 and C2, we first design MLP-SPD
modules generating lower triangular matrices with positive
principal diagonal elements. Each module consists of an input,
hidden, and output layer followed by a softplus activation [23].
The activation function maps each principal diagonal element
from the output layer to a positive scalar.

We adopt a split structure in the EOTNet, dividing the
GRU and multilayer perceptron (MLP) modules into two units
corresponding to the prediction and update steps of the HD-
EOT, as illustrated in Fig. 2.

The Process Noise Unit (PNU) estimates the square-root
L, i of the predicted 1-d state error covariance Pp;_; via a
structured procedure. At each time step k, the 1-d process noise
covariance Dy, is obtained via a GRU module GRUp with the
input feature A&j_1 £ &j_14—1 — &x_1)p—2. Accordingly,
Py j—1 is predicted via the other GRU module GRUp with
the input feature A&,_; £ Rp—1jk—1 — Tr—2(k—2 and Dy,.

The Measurement Noise Unit (MNU) estimates both the
square-root L j, of the innovation covariance Sy, and the obser-
vation distor;[ion matrix By. In the first stage, the intermediate
statistics X klk—1 and Ry are jointly estimated by a GRU

module GRUx g with the input features Zk S nijl and

AZ, 2 TZ i _Zrk-1_ The obtained statistics, along with
1 —1 ng—1—1 B
. ) A Z. > .
the input feature AZ,_; = nkfl_ll — Xj—1|k—1, are fed into

GRUp to estimate a relaxed distortion matrix Bj,. Inposing the
structural constraint C2, we have B}, via the refinement with
an MLP-SPD module. In the second stage, Sy is estimated by
GRU; with the feature g, and the scaled By, and then L j, is
obtained via another MLP-SPD. Note that the above procedure
closely resembles (4) and (8), respectively.

C. Training strategy

We train the proposed HD-EOT network in an end-to-end
manner using a supervised learning framework. Specifically,
given a labeled dataset D = {(X® Y®))}B where each
trajectory b contains the ground-truth states of the EO and
associated pre-processed measurements, i.e.,

X® 2 {xgw, 3 _,x;b>,...,x;§>}, (23)
v 2yl 0o (24)

where
a2 Lol xPL oy e 20 20}, es)

respectively denote the pairs of the EO states and the mea-
surements.

We propose to apply the square of the Gaussian Wasserstein
distance (GWD) [24] as the loss function, which comprehen-
sively captures both the instantaneous discrepancies between
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Fig. 2: The architecture of the EOTNet.

the kinematic state estimate (01, ®5) and its ground truth
xy, and the extension state estimate X (@) and its ground
truth Xy, ie.,

lowp(©1,02) £ ||z) — 1,(01,0,)|
+tr {X,c + X1(©3) — 2\/\/ka,€(®2)\/&} . (26)

Notice that, the proposed GWD loss could be readily shown
to be differentiable, enabling end-to-end gradient-based opti-
mization.
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Fig. 3: The trajectories of the EO in a typical trial.

IV. SIMULATIONS AND RESULTS

We consider tracking a vessel, which is modeled as an
ellipse with a major axis of 340 m and a minor axis of 80
m [3], [8], [9]. The initial kinematic state @y of the EO is
[0m, 0m, 13.9 m/s, 13.9 m/s], corresponding to an approximate
constant velocity (CV) of 27 knots. The EO then continues
with CV motion and undergoes a series of maneuvers, includ-
ing a 45° turn and two 90° turns at a constant turn rate (CT),
with a fixed observation interval of 7' = 5s.

At each time step k, mj measurements are obtained from
CFAR-processed radar data, where nj follows a Poisson

(b) The MNU
120 T
—=—RM-EOT
1ol I A -RM-EOT(0.5) i
--7-- RM-EOT(2.0)
—6—CNN-EOT
8o || [—e—HD-EOT
E
[a
= 60
(O]
40 wi o
-7V - A T JF S e
P ',V Y,v ¥ -
20 [t 2 i wA-f= : ~
0 100 200 300 400
Iteration

Fig. 4: The average GWDs of different approaches.

distribution with a mean of 50 [3], [8], [9]. We consider that
the measurement noise covariance matrix and the process noise
covariance matrix are respectively given by

27

r? 0] 9 [qQ 0}
R= m?, D= | m?,
[ 2 0 4

where » = 20, ¢ = 0.01 and g5 = 0.001. Additionally, the

state transition matrixT Td the extension evolution matrix are

. |1 1. |10 .
given by F, = 0 1 ,Akfﬁ 0 1 , with the degree

of freedom &, = 3 of the Wishart distribution, for both the
HD-EOT and RM-EOT.

For training the HD-EOT and the CNN-EOT, we construct
the simulation dataset based on the above signal model by
randomly generating the initial kinematic state and respectively
scaling the lengths of the major and minor axes with random
factors uniformly generated between 0.8 and 1.2.

At each time step k, we evaluate the comprehensive tracking
performance averaged with J = 1000 independent trials using
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the GWD loss [24], the square of which is given by

tho = 33 (o - s [
\/ XV X(J)F}), (28)

where w( and X ,(C 2 respectively denote the estimates of the
kinematic state :v(] ) and extension state X ,(j ) in the Jjth trial.

We now con51der evaluating the comprehensive tracking
performance of the proposed DNN-aided HD-EOT methods,
along with the RM-EOT [9] and the CNN-EOT [13]. The
estimated trajectories of the EO in a typical trial and the
average comprehensive tracking performance, are presented in
Figs. 3 and 4, respectively. We further consider the RM-EOT
(0.5) and RM-EOT (2.0), whose presumed average powers of
the measurement noise are 0.5x and 2.0x ground-truth coun-
terpart, respectively. The above RM-EOTs are observed to be
significantly degraded, as the RM-EOT relies on accurate prior
noise covariance, which is generally unavailable in practical
X-band marine radar scenarios [1].

In contrast, the HD-EOT does not depend on any prior noise
covariance knowledge. The proposed HD-EOT is observed to
outperform all the competitors, especially during the turning
maneuvers with partially unknown parameters. In tracking the
EO of the CV motion, the performance of the HD-EOT is
observed to be quite similar to that of the RM-EOT, as the
HD-EOT strictly resembles the inference logic of the RM-
EOT. In contrast, the computationally expensive CNN-EOT
is observed to fail to accurately track the EO owing to the
limited computational resources for training in the scenarios.
On the other hand, the HD-EOT is observed to exhibit superior
robustness compared to its competitors in tracking the EO of
the CT motion, owing to the hybrid inference, which would
potentially ameliorate the problem of the partially unknown
parameters.

Further, we consider herein several simplified scenarios with
different measurement noise covariances and parameter biases,
with T, = 100 data samples with the EO moving with a
constant velocity. Due to inherent limitations of the CNN-
EOT, we compare herein only the HD-EOT and RM-EOT. The
steady-state comprehensive tracking performance over 7 trials
are summarized in Table L.

+tr{X(] +X§j)

TABLE I: The steady-state GWDs

T Method No Bias a=10° a=40° f=10° f=40°
10 RM-EOT  12.7275 13.1206 14.9826  13.5823  24.6223
HD-EOT  12.6353 12.6368 12.6409 12.6453 12.6404
20 RM-EOT  13.0334  14.2652 16.1970 13.9512  24.8250
HD-EOT 129441 12.9440 12.9350 12.9349 12.9438
30 RM-EOT  13.3693 154601 17.2063 14.3634  25.0763
HD-EOT  13.2745 13.2745 13.2746 13.2745 13.2746
40 RM-EOT  13.6284 16.3725 17.8988  14.7175  25.3400
HD-EOT  13.6098 13.7098 13.7096 13.7098 13.7097

The parameters a and f represent the biases in the tracking
methods, respectively. Specifically, the biased state transition
matrices are defined as

Apias = Q(a)AQ(a)T,  Fpips = Q(f)F. (29)

where A and F' denote the ground-truth state transition ma-
trices of the EO motion. The proposed HD-EOT and RM-
EOT incorporate these partially unknown parameters as the
underlying state-space model parameters for inference. The
former is observed to consistently outperform the latter across
all tested measurement noise levels and parameter biases.
When these partially unknown parameters are fed into both
methods, the proposed HD-EOT consistently outperforms the
RM-EOT, regardless of the noise environment or the severity
of parameter bias. This further validates HD-EOT’s strong
robustness without requiring prior statistical noise knowledge.

TABLE II: Relative computation time and GPU memory usage

Method Time Ratio ~ GPU Memory Ratio
CNN-EOT 18.51 75.70
HD-EOT 0.43 1.02

We further compare the relative computation time and GPU
memory usage with respect to that of the RM-EOT over J
trials. It could be observed in Table II that the proposed HD-
EOT is computationally more efficient than its competitors,
achieving over a 2x speedup compared to the RM-EOT while
maintaining almost the same memory consumption. On the
other hand, the CNN-EOT demands over 18X computation
time and 75x memory overhead due to its deep convolutional
architecture. This would potentially result from the lightweight
design of the HD-EOT where costly operations such as matrix
inversion in the RM-EOT are replaced by MLPs. Nevertheless,
the incorporation of the small-scale DNNs with the inference
logic resembling the RM-EOT could markedly enhance the
comprehensive tracking behavior of the HD-EOT at barely
extra cost of the interpretability of the inference logic.

4000

Ground truth
3500 | HD-EOT
3000 |
€
_\(
= 2500
o
©
2 2000
©
>
1500 f
1000 [
500 . . . . . .
0 500 1000 1500 2000 2500 3000 3500

x direction (km)

Fig. 5: The trajectories of the EO in the real-world dataset.
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Fig. 6: The average GWDs of different approaches in the real-
world dataset.

Finally, we assess the tracking performance of the proposed
HD-EOT on a real-world X-band radar dataset reported by
Liu et al. [25]. We extract the AIS trajectory of a small
fast boat that was approximately ten meters long and perform
linear interpolation to obtain a uniform 7" = 30s observation
interval [25]. We then synthesize the radar measurements from
these interpolated points. The measurement noise covariance is
set to R = diag{3, 3} m2. We adopt this processing workflow
because the original radar measurements and the AIS ground
truth suffer from significant spatio-temporal misalignment [25]
and because CFAR-processed Cartesian observations often
exhibit multi-target occlusions that lie beyond the scope of this
study. The resulting true trajectory is shown in Fig. 5 over five
observation intervals. Notice that we zoom in both the major
and minor axes of the trajectory EO by a factor of twenty to
enhance clarity.

To better capture realistic maneuvering behaviors and vary-
ing process noise, we enrich the diversity of our training
dataset by including CT and constant-acceleration (CA) tra-
jectories along with the original CV trajectories. We also in-
troduce variability in the process noise covariance by randomly
sampling the new intensity Dy from the values D, 5D, 10D
and 100D, while keeping all the other state-space model and
filter parameters unchanged.

From Figs. 5 and 6, it could be observed that the proposed
HD-EOT method closely aligns with the interpolated AIS
ground truth even during rapid maneuvers, whereas the RM-
EOT method fails to track the EO, thereby demonstrating the
robustness and efficacy of the HD-EOT and its superiority over
the conventional RM-EOT algorithm on the challenging real
X-band radar data.

V. CONCLUSION

In this work, we propose a lightweight and interpretable
DNN-aided extended object tracking approach, the hybrid-
driven EOT, which integrates several GRUs and MLPs into the
random matrix EOT framework. To ensure that the obtained

statistics from the GRUs remain positive definite and symmet-
ric, we further develop a positive definiteness and symmetry
preservation scheme based on the square-root filtering method
and MLP-SPD modules. Both the simulation and experimental
results generated from the pre-processed synthetic marine X-
band radar measurements, validate the effectiveness of the
proposed HD-EOT approach.
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