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Abstract—In this work, we consider tracking an elliptical
extended object with adaptive networks. We propose a distributed
extended object tracking algorithm for adaptive networks based
on the diffusion strategy. The simulation results validate the
superior performance as well as the computational efficiency of
the proposed DEOT algorithm for adaptive networks.

I. INTRODUCTION

Target tracking is pivotal for applications such as navigation,
surveillance, etc [1]. Conventional target tracking generally
retrieves only the kinematic state, namely, position, velocity,
acceleration, of an object, neglecting its extension (e.g., orien-
tation, size and shape). With the increasing sensor resolution
capabilities, extended object tracking (EOT), which retrieves
both the kinematic and extension of either object or group
target, has recently been arising increasing attention [2]–[4].

Approaches based on different models, such as hypersurface
and elliptic shape, etc., have recently been successfully applied
to EOT [2], [5]. The elliptical shape model is chosen herein
owing to its compactness and mathematical convenience in
representing the extent of an object with a few parameters,
thereby enabling efficient Bayesian inference with relatively
low computational cost [3], [4].

Distributed tracking algorithms based on adaptive net-
works [6], [7] have recently been gaining increasing attention
due to their enhanced scalability [7]. Among various dis-
tributed strategies such as consensus [8] and incremental [9],
the diffusion strategy has been shown to exhibit superior
performance and robustness [10].

More recently, preliminary studies have also demonstrated
that the distributed EOT algorithms based on adaptive networks
can achieve preferable tracking accuracy [11], [12]. Specifi-
cally, in the distributed tracking algorithm (DRM) [11] based
on the random matrix model [13], the intermediate estimates
of the kinematic state and extension at each node would be
effectively combined with those at its neighbors, leveraging
the weighted Kullback-Leibler average scheme. Alternatively,
based on the multiplicative error model and diffusion strategy,
the estimate of the kinematic state and extension at each
node would be updated via collaboration with its neighbors

†This work was supported in part by the National Natural Science Foun-
dation of China under Grants 62471107, 62461053. (Corresponding author:
W. Xia.)

with sequentially iterating measurements. With the Gaussian
Wasserstein distance (GWD) [3] as the comprehensive tracking
performance metric, incorporating both the estimation errors of
kinematic and extension state, the efficacy of the distributed
EOT Kalman filter (DEOKF) [12] therein has been experimen-
tally validated.

It is noteworthy that the performance of the DRM algo-
rithm [11] would remarkably degrade in tracking object during
turns owing to the fact that it would not explicitly distinguish
between the uncertainty of the orientation and the semi-
axes of the elliptical object, as experimentally demonstrated
hereinafter. On the other hand, we would also demonstrate that
the DEOKF algorithm [12] could effectively track an object
during turns at the cost of computational burden, especially in
scenarios with denser measurements.

In this work, we propose a computationally efficient, dis-
tributed extended object tracking (DEOT) algorithm based on
the diffusion strategy with adaptive networks. Specifically, we
improve computational efficiency by designing the algorithm
to simultaneously process multiple measurements at each node.
The simulation results validate the superior performance as
well as the computational efficiency of the proposed DEOT
algorithm for adaptive networks.

II. PROBLEM FORMULATION

A. Dynamic Model

Similar to [5], [8], [11]–[14], we consider approximating
the shape of the extended object with an ellipse. Without
loss of generality, at each time instant i, the kinematic state
xi ≜ [ρT

i , ρ̇i
T]T ∈ R4×1 incorporating the position ρi and the

velocity ρ̇i of the ellipse center.
We utilize the shape parameter vector ei = [a1,i, a2,i, θi]

T ∈
R3×1 to describe the elliptical-shaped extended object at each
time instant i, where a1,i, a2,i, and θi represent the semi-major
and semi-minor axes, as well as the orientation of the elliptical
object, respectively, as illustrated in Fig. 1. On the other hand,
the extension of the elliptical object can also be characterized
by a symmetric positive definite (SPD) random matrix (i.e.,
extension matrix) [11], [14]–[16]

Si ≜ ΩiL
2
iΩ

T
i , (1)
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Fig. 1. Measurement model
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Fig. 2. Topology

with

Ωi =

[
cos(θi) − sin(θi)
sin(θi) cos(θi)

]
, Li =

[
a1,i 0
0 a2,i

]
, (2)

respectively represent the rotation matrix and the diagonal
matrix of the elliptical semi-axes.

We consider the state transition equations [5], [12], [17]

xi+1 = F x
i xi +w

x
i , ei+1 = F e

i ei +w
e
i , (3)

where F x
i and F e

i represent the process matrices of the
kinematic state and extension state at time instant i, respec-
tively. The process noises wx

i and we
i are assumed to be

uncorrelated, zero-mean, and white, with the priori known
covariance matrices Qx

i and Qe
i , respectively.

B. Measurement Model

Consider an adaptive network with N nodes in R2 dimen-
sional space. The nodes are referred to as the neighbors if they
could communicate directly with one another [10], [18], [19].
The set of neighbors (i.e., neighborhood, see Fig. 2) of each
node k, including itself, is denoted as Nk, with the degree
dk ≜ |Nk| denoting the number of neighbors of each node k.

At each time instant i, each node k in the network is as-
sumed to independently obtain nk,i uncorrelated measurements
originating from these scattering sources [3], [4], [12]

Yk,i =
[
y
(1)
k,i , y

(2)
k,i , . . . , y

(nk,i)
k,i

]
, (4)

and each node k would exchange the measurements with its
neighbors l1, l2, . . . , ldk

∈ Vk, and the measurements available
at each node k at each time instant i are

Zk,i ≜
[
Yl1,i,Yl2,i, . . . ,Yldk ,i

]
=
[
z
(1)
k,i , z

(2)
k,i , . . . ,z

(bk,i)
k,i

]
,

(5)

where z(ι)k,i is the ιth column of Zk,i, and bk,i ≜
∑

l∈Vk
nl,i is

the total number of measurements within Vk .
The local measurement from the ιth scattering source at each

node k, denoted by y(ι)
k,i, is modeled as

y
(ι)
k,i =Hxi +ΩiLih

(ι)
k,i + v

(ι)
k,i, (6)

where

H = [I2 O2] (7)

is the measurement matrix picking the EO position ρi out of
the kinematic state xi , and the multiplicative noise vector

h
(ι)
k,i ≜ [h

(ι)
1k,i, h

(ι)
2k,i]

T describes the spread of the scattering
sources on the surface of the extended object.

In light of [5], [12], we assume that h(ι)
k,i is zero-mean

Gaussian white with the covariance matrix Qh = ωI2, where
the scalar ω = 1/4 generally indicates that the scattering
sources are uniformly distributed on the elliptical surface [5],
[20]. Each entry of h(ι)

k,i is assumed to be independent of the
kinematic state xi, the matrix ΩiLi, and the additive noise
v
(ι)
k,i [5]. The noise h(ι)

k,i at each node k is also assumed to be
independent of those of other nodes [12]. In addition, follow-
ing [21], we consider the potentially time-varying, distance-
aware covariance matrix Rk,i = ξ∥pk − ρi∥2I4 of the zero-
mean Gaussian additive noise v(ι)k,i, where ξ > 0 is a small
positive constant, and pk denotes the position of node k.

III. ALGORITHM DERIVATION

We develop herein a distributed extended object tracking
algorithm in an adaptive network. First, the intermediate esti-
mates of the object kinematic state and parameter vector using
the measurements within its neighborhood could be attained
through localized adaptation. Second, intermediate estimates
shared by its neighboring nodes would be aggregated by the
combination module, enabling refinement of the local esti-
mates. Finally, the kinematic and extension states at the next
time instant would be predicted by the time-update module.
A. Localized Adaption

We consider herein the localized adaptation for each node
k. We use x̂k,i|j and êk,i|j to denote the instantaneous local
estimates of the kinematic state xi and extension state ei, re-
spectively, obtained at each node k based on the measurements
up to time instant j. We also define the state estimation error
covariance matrices Pk,i|j ≜ E

{
(xi − x̂k,i|j)(xi − x̂k,i|j)T

}

and Bk,i|j ≜ E
{
(ei − êk,i|j)(ei − êk,i|j)T

}
. In light of the

decoupling assumption between the kinematic and the exten-
sion states [5], [12], the localized adaptation of kinematic and
extension states can be derived independently.

1) Kinematic State: Akin to [11], [13], [16], [17], [20], we
consider that each node would utilize the measurement average
z̄k,i =

1
bk,i

∑bk,i

ι=1 z
(ι)
k,i. The intermediate estimate ψk,i of the

object kinematic state and the estimate P̂k,i|i of Pk,i|i could
be obtained, each node k via the Kalman filter, namely,

ψk,i ← x̂k,i|i−1, (8)
Pk,i ← Pk,i|i−1, (9)

Rx ←HPk,iH
T + (ωbk,iΩ̂iL̂

2
i Ω̂

T
i + R̃k,i)/b

2
k,i, (10)

ψk,i ← ψk,i + Pk,iH
TR−1

x (z̄k,i −Hψk,i), (11)

Pk,i|i ← Pk,i − Pk,iH
TR−1

x HPk,i, (12)

where "←" denotes the sequential assignment [12]. In light
of the measurement model (6) and (5), the autocorrelation
matrix Rx of the innovation process can be readily obtained
in (10) with R̃k,i =

∑
l∈Vk

nl,iRl,i. The matrices Ω̂i and L̂i

in (10) are calculated with the entries of the estimate êk,i|i−1 =

[â1k,i|i−1, â
2
k,i|i−1, θ̂k,i|i−1]

T of ei in light of (2) [12], [17].
Whereas êk,i|i−1 is obtained in (33) presented further ahead.
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2) Extension State: We consider herein that each node k
would independently estimate the shape parameters at each
time instant i, including the semi-axes a1,i, a2,i and the
orientation θi, and then utilize the extension matrix Si for
data combination in Sec. III-B.

We first consider the estimation of the semi-axes. Follow-
ing [17], we estimate each semi-axis at,i of the object by
constructing the pseudo-measurement qtk,i, which refers to a
measurement of the semi-axis. Specifically, the intermediate
estimate ϕt

k,i and the corresponding error covariance Bt
k,i of

each semi-axis at,i would be updated at each node k via the
Kalman filter as follows:

ϕt
k,i ← âtk,i|i−1, (13)

Bt
k,i|i ← Bt

k,i|i−1, (14)

ga ← Bt
k,i|i + υt

k,i, (15)

ϕt
k,i ← ϕt

k,i +Bt
k,i|ig

−1
a (qtk,i − ϕt

k,i), (16)

Bt
k,i|i ← Bt

k,i|i −Bt
k,i|ig

−1
a Bt

k,i|i, (17)

where âtk,i|i−1 denotes i−1 instant predicted value of the semi-
axis at,i−1, Bt

k,i|i−1 represents the (t, t)th entry of Bk,i|i−1,
which is obtained in (33) presented further ahead. The variance
υt
k,i of the pseudo-measurement qtk,i is given in (27).
In light of (5), the sample covariance matrix of the mea-

surements can be expressed as follows

Z̄k,i ≜
1

bk,i − 1

∑bk,i

ι=1

(
z
(ι)
k,i − z̄k,i

)(
z
(ι)
k,i − z̄k,i

)T
. (18)

with the measurement average z̄k,i. Note that the second-order
moment Z̄k,i could be constructed with the measurements.
The orientation and semi-axes of the extended object could be
extracted with the eigenvalue decomposition of Z̄k,i [22].

According to (6) and (5), each measurement of each neigh-
boring node z(ι)k,i is Gaussian distributed [5]. Consequently,
Z̄k,i follows the Wishart distribution with bk,i − 1 degrees of
freedom [23], [24]

Z̄k,i ∼ W
(
bk,i − 1,

ωbk,iΩiL
2
iΩ

T
i + R̃k,i

(bk,i − 1)2

)
. (19)

To proceed, the eigenvalue decomposition of Z̃k,i ≜
bk,i−1
ωbk,i

Z̄k,i is given by Z̃k,i = Uk,iΛk,iU
T
k,i, where the

columns of Uk,i are the eigenvectors of Z̃k,i, and Λk,i is the
diagonal matrix containing the corresponding eigenvalues,

Uk,i ≜
[
u11 u12

u21 u22

]
, Λk,i ≜

[
λ1 0
0 λ2

]
. (20)

Since (bk,i − 1)/(ωbk,i) is positive and the matrix Uk,i is
non-singular, utilizing the properties of the Wishart distribu-
tion [23], [24], we can deduce that Λk,i also follows the
Wishart distribution,

Λk,i ∼ W
(
bk,i − 1,

UT
k,iΩiL

2
iΩ

T
iUk,i +Wk,i

bk,i − 1

)
, (21)

with

Wk,i ≜
1

ωbk,i
UT

k,iR̃k,iUk,i =

[
w1 ∗
∗ w2

]
. (22)

where ∗ indicates the irrelevant values. According to [17], the
expectation of Uk,i is given by Ωi. Accordingly, we have
UT

k,iΩi ≈ I2, as Ωi could be approximated by Uk,i. Thus,
(21) can be rewritten as

Λk,i ∼ W
(

bk,i − 1,
L2

i +Wk,i

bk,i − 1

)
. (23)

Accordingly, based on the marginal distribution properties
of the Wishart distribution [23], each eigenvalue λt in Λk,i

follows the Gamma distribution [23]

λt ∼ Γ

(
bk,i − 1

2
,
2(a2t,i + wt)

bk,i − 1

)
, t = 1, 2, (24)

where Γ(α, β) denotes the Gamma distribution with the shape
parameter α and scale parameter β.

It is noteworthy that the expectation of each diagonal entry
of Λk,i−Wk,i corresponds to the square of the semi-axis a2t,i.
To facilitate the subsequent derivation, we introduce

(qtk,i)
2 ≜ λt − wt, t = 1, 2. (25)

Leveraging the second-order moment matching [17] and the
delta method [25], we approximate the distribution of qtk,i by
the following Gaussian distribution

qtk,i ∼ N
(
at,i, υ

t
k,i

)
, t = 1, 2, (26)

with
υt
k,i = ((qtk,i)

2
+ wt)/(2(q

t
k,i)

2
(bk,i − 1)). (27)

Next, we consider the localized adaptation of the orientation

Sk,i = Seig
k,i (28)

where Seig is calculated from (1), Ωi and Li in (1) are derived
from (2) using the shape parameters [ϕ1

k,i, ϕ
2
k,i, ϕ

eig
k,i]

T.
By approximating Ωi with Uk,i, we could use Uk,i to

compute the orientation. At each time instant i, each node
k would determine the orientation using the eigenvector-based
estimate

ϕeig
k,i = atan2 (u21, u11) (29)

where atan2(·) denotes the four-quadrant arcus tangent func-
tion, u21 and u11 are the elements of the first column of the
eigenvector matrix in (20).

B. Combination

We now consider the combination at each node k to enhance
the comprehensive tracking performance. Specifically, akin to
the ATC scheme of the diffusion strategy [6], [26], each node k
would update its local estimates by respectively combing the
intermediate kinematic ψl,i and extension Sl,i of the object
shared by each neighboring node l ∈ Vk,

x̂k,i|i =
∑

l∈Vk

clk,iψl,i, Ŝk,i|i =
∑

l∈Vk

clk,iSl,i, (30)
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with the nonnegative weight clk,i satisfying
∑

l∈Vk
clk,i =

1 [6], [10], [26].
Subsequently, each entry of the local estimate of the shape

vector êk,i|i = [â1k,i|i, â
2
k,i|i, θ̂k,i|i]

T is given by the eigenvalue
decomposition on the local estimate of the extension matrix
Ŝk,i|i

â1k,i|i =
√

ϑ1
k,i, â2k,i|i =

√
ϑ2
k,i, θ̂k,i|i = atan2 (ν21, ν11) ,

(31)
where ϑ1

k,i and ϑ2
k,i are the eigenvalues, and [ν1k,i, ν

2
k,i]

T is the
principal eigenvector of Ŝk,i|i.

C. Time-update

As the temporal evolution of the state of the object in (3)
follows the linear model, the time update of the kinematic and
extension states of each node k is given by

x̂k,i+1|i = F
x
i x̂k,i|i,

Pk,i+1|i = F
x
i Pk,i|i (F

x
i )

T
+Qx

i ,
(32)

and
êk,i+1|i = F

e
i êk,i|i,

Bk,i+1|i = F
e
iBk,i|i (F

e
i )

T
+Qe

i.
(33)

The implementation of the proposed RDEOT algorithm is sum-
marized in Algorithm 1. It is noteworthy that the DRM [11]
involves multiple matrix square root operations, whereas the
DEOKF algorithm [12] requires sequential iterations to update
the local estimate. In contrast, our proposed DEOT algorithm
avoids these computational burdens, resulting in significantly
improved efficiency.

D. Complexity Analysis

We now evaluate the computational complexity of the pro-
posed distributed algorithms in terms of real-valued multiplica-
tions at each node k per iteration [6]. For brevity, we assume
that the number nk,i of the measurements obtained at each
node k at each time instant i is the same. Let dk denote the
number of neighbors of each node k.

TABLE I
THE COMPUTATIONAL COMPLEXITY.

Algorithm Computational Complexity
DRM [11] 39dk + 4nk,i + 1022

DEOKF [12] 7dk + 563nk,i + 207

DEOT 10dk + 4dknk,i + 518

As summarized in Table I, the computational complexity of
the proposed DEOT algorithm is significantly lower than that
of both DRM [11] and DEOKF [12], particularly in scenarios
with a large number of measurements nk,i. This reduction in
computational overhead makes DEOT well-suited for resource-
constrained distributed networks.

Algorithm 1: DEOT

1 Initialize: For each node k, initialize x̂k,0|−1, Pk,0|−1,
êk,0|−1, Bk,0|−1.

2 At each time step i > 0:
3 for each node k do
4 1: Localized Adaptation
5 Update the intermediate estimates ψk,i and Pk,i of

the kinematic state via (8)-(12).
6 Calculate the pseudo-measurements qtk,i of the

semi-axis through (26).
7 Update the intermediate estimates ϕt

k,i and Bt
k,i of

the semi-axis via (13)-(17).
8 Update the intermediate estimate ϕeig

k,i of the
orientation via (29).

9 Calculate the intermediate estimates χk,i of the
extension matrix.

10 2: Combination
11 Exchange ψk,i and χk,i with l ∈ Nk.
12 Update the local estimates via (30).
13 Decompose the shape parameters using (31).
14 3: Time-update
15 Update the pre-estimate via (32) and (33).

IV. SIMULATION RESULTS

We herein evaluate the tracking performance of proposed
DEOT, the distributed extended object tracking (DRM), and
the distributed extended object tracking (DEOKF).

We consider tracking a single extended object modeled as an
ellipse with the major and minor axes of 340 m and 80 m [5],
[12], [15], with an adaptive network of N = 25 nodes. The
object is initially located at ρ0 = [0, 0]T m, and moves at a
constant speed of 27 knots along with a series of turns. The
network topology as well as the ground truth trajectory are
illustrated in Fig. 3(a).

Following [5], [12], [15], we consider that the shape and size
of the object would remain constant during the maneuvering.
Accordingly, the process matrices are respectively given by

F x
i =

[
I2 TI2
O2 I2

]
, F e

i = I3,

with the sampling interval T = 10 s. The process noise
covariance matrices of the kinematic and extension states
of the object are set to be Qx

i = diag{100, 100, 1, 1} and
Qe

i = diag{10, 10, 0.1}, respectively. The fluctuant number
nk,i of local measurements at each node k per time instant
follows the Poisson distribution with the mean 20 [5], [15].
The constant associated with the additive noise is ξ = 1×10−5.
In addition, the priors for the kinematic and extension states
of each node k are set to be x̂k,0|−1 = [50, 50, 10,−10]T,
Pk,0|−1 = diag{900I2, 16I2}, êk,0|−1 = [140, 90,−π/3]T and
Bk,0|−1 = diag{702, 702, 1}.

We use the Gaussian Wasserstein Distance (GWD) [3],
[4], which comprehensively describes the extended object
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Fig. 3. Comprehensive performance comparison. (a) Measurements, trajectory, and estimation results. (b) Transient GWD performance of different algorithms.
(c) Steady-state GWD performance of different algorithms.

tracking performance, as the performance evaluation metric.
Specifically, at each time instant i, the GWD at each node k
in the adaptive network is defined as

GWDk,i ≜
1

J

J∑

ζ=1

√
GWD2

k,i(ζ), (34)

with

GWD2
k,i(ζ) ≜

∥∥xi − x̂k,i|i(ζ)
∥∥2

+ tr
{
Si + Ŝk,i|i(ζ)− 2

√√
SiŜk,i|i(ζ)

√
Si

}
, (35)

where x̂k,i|i(ζ) and Ŝk,i|i(ζ) denote the instantaneous esti-
mates of the kinematic state xi and the extension matrix
Si at each node k in the ζth trial. The transient network
GWD is defined as GWDnet

i ≜ 1
N

∑N
k=1 GWDk,i. The steady-

state nodal and network GWDs are obtained by averaging the
corresponding transient GWDs over 50 iterations after con-
vergence, respectively. All the simulation results are averaged
over J = 500 independent trials.

We herein evaluate the performance of the different algo-
rithms. The trajectory estimates of the elliptical object in a
typical trial and the comprehensive tracking performance of
different algorithms are presented in Figs. 3, respectively.

It can be observed that the proposed DEOT algorithm
outperforms its competitors, attributed to the characterization
of the object extension with both the shape parameter vector
and the extension matrix, especially when the object undergoes
turning maneuvers. In contrast, the comprehensive tracking
performance of the DRM remarkably deteriorates at each turn
of the object.

Moreover, it can be observed in Table II that the proposed
DEOT algorithm is computationally more efficient than the
competitors. In contrast, the DEOKF sequentially iterates over
each measurement for localized adaptation, resulting in a
marked increase in computational burden.

V. CONCLUSIONS

We develop a distributed extended object tracking algorithm
for an adaptive network based on the adapt-then-combine

TABLE II
RATIO OF CALCULATION TIME TO THE BASELINE DRM [11] ALGORITHM

Algorithm DEOKF [12] DEOT

Relative Runtime 2.22 0.52

scheme of the diffusion strategy. Specifically, we improve
computational efficiency by designing the algorithm to simul-
taneously process multiple measurements at each node. The
simulation results validate the superior performance as well as
the computational efficiency of the proposed DEOT algorithm
for adaptive networks.
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