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Abstract—Spherical images capture visual information from all
directions in a single frame, making them an essential tool for
recording and analyzing landscapes. However, these images differ
significantly from conventional photographs taken by cameras
or from human visual perception, often resulting in a sense of
visual discomfort. To address this issue, this study constructs
the theory of a mathematical model for geometrically describing
and analyzing landscape representations in spherical images. In
particular, the model captures angular deviations that arise from
differences in depth to the observed objects as the viewpoint
moves. The proposed model is defined by a geometric structure
that includes points at infinity in three-dimensional directions,
distinguishing it from the conventional Riemann sphere.

I. INTRODUCTION

Typically, virtual reality (VR) space is represented in a
2D planar form realized by equirectangular projection [1-3].
However, in a VR space, the user wears a head-mounted
display and moves their head and body freely, causing the
viewpoint to change continuously and nonlinearly [4-8]. For
this reason, in equirectangular projection, the correction of
panoramic distortion that accompanies viewpoint movement
and the consistency of depth and parallax become issues
[9-12]. This suggests that a numerically feasible algorithm
is needed to deal with the inconsistencies that arise when
projecting a perspective space, in which a vanishing point is
defined at infinity [13], into a finite rendering space [1].

While prior research has explored various methods for cap-
turing and visualizing 360-degree imagery, many approaches
rely on conventional spherical projections such as the Rie-
mann sphere, which often fail to account for scale distortions
and depth-related perceptual inconsistencies, especially when
the viewpoint changes. These limitations can lead to visual
discomfort or misinterpretation when omnidirectional content
is applied to immersive environments such as VR [14-15].

To address these challenges, we use a previously developed
visual space model [16] to construct a theory of a VR space
model for landscape representation. Fig. 1 shows that by using
the visual space model as a projective space, the mapping from
perspective space to real space can be realized as a simple
model. Perspective space refers to a perceptual and visual
spatial structure based on linear perspective [17]. It represents
how humans perceive depth and spatial relationships when
viewing the three-dimensional world as a two-dimensional
visual field, such as in images or paintings. A perspective space
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Fig. 1. Complex projective space.

is a space based on projection geometry, and is defined by a
linear projection from the viewpoint (the camera origin).

The proposed model formulates a unified mathematical
framework in the form of a differential equation that en-
compass multiple conditions related to scale in visual space.
In particular, it mathematically models the angular deviation
caused by the depth difference between the viewpoint and
an object as the viewpoint moves. Furthermore, the model
makes it possible to calculate the scale of objects, enabling
the generation of landscape images with reduced perceptual
distortion in VR environments. This approach provides a new
geometric foundation for more accurate and intuitive landscape
representation in spherical imaging.

In Sections 2, we describe the core theory of the spherical
VR model for landscape representation. Specifically, we show
that the proposed model can be expressed in the form of a
differential equation that satisfies four conditions related to
scale, which are scale observability, the inverse square law,
linear perspective and cosine depth in a unit sphere.

In Section 3, we show that the perspective depth can be
expressed as a geometric series, which allows us to calculate
the scale of the object. And we derive the perceived depth to an
object in order to accurately represent the perceptual changes
caused by the depth due to viewpoint movement in landscape
representation. Specifically, we show that the perceived depth
is a relative value of the radius of the visual space. This leads to
the conclusion that the lens magnification of the head-mounted
display affects the radius of the VR space. In Section 4, we
formulate landscape representation in spherical images when
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Fig. 2. Differential equation for the observability of scale [16].

the viewpoint moves. In Section 5, we discuss the equidistant
and orthogonal projections for this optical system. Section 6
summarizes the theory behind constructing a spherical VR
space.

II. A VISUAL SPACE MODEL THAT CONNECTS PERSPECTIVE
SPACE AND REAL SPACE

In this section, as shown in Fig. 2, we propose a visual space
model for geometrically describing and analyzing landscape
representation in spherical images [16]. First, we show that the
proposed model can be expressed in the form of a differential
equation that satisfies four scale-related terms.

The proposed visual space model considers the z-component
of scale w in which the viewpoint is the origin, the line of sight
is on the x-axis, and the deflection angle 6 with respect to the
x-axis is on the z-y plane. The imaginary number j, taking
into account the quaternion, represents a rotation of 90 degrees
from the y-axis to the z-axis. In this model, the scale of the
origin O is set to 1.0 as the maximum probability and the
differential equation for the observability of scale is given by

dw=j(1—w)dl (—g<9<g ) 1)

In this model, the following scale-related terms are com-
bined into one differential equation.

1. Scale observability

2. Inverse square law

3. Linear perspective

4. Cosine depth in a unit sphere

The following sections explain each term of the differential
equation.

A. Scale observability

As for the observability of scale, there is a characteristic
that the scale and perspective of a point moving along the
line of sight cannot be detected. This is because the moving
direction of the point and the direction of the line of sight are
the same. In other words, it is because the deflection angle
between the point’s direction movement and the line of sight
is zero. For example, by moving the viewpoint, the deflection
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Fig. 3.  Scale as information certainty, the complement of the scale as
information uncertainty.

angle to the object changes, making the scale observable. If
we consider binocular disparity as the instantaneous movement
from the right eye to the left eye, it is also represented by
deflection angle. Therefore, in this model, the change in scale
Aw is explained by the change in the deflection angle Af. In
this way, the observability of scale is expressed by the cross
product of the line of sight deviation.

B. Inverse square law

Since the imaginary number j represents a rotation of 90
degrees, (1) shows that the scale change on the left side is
perpendicular to the scale change on the right side. Therefore,
the imaginary number j represents the inverse square law,
indicating that the same change in scale is also observed
perpendicular to the observed change in scale. Similarly, the
imaginary number j means that a change in scale in the vertical
direction relative to the line of sight is observed due to a
change in depth in the line of sight direction. On the other
hand, the inverse square law also assumes that the vertical and
horizontal scale changes are equal, so the imaginary number
j in the formula (1) means the inverse square law.

C. Linear perspective

Integrating (1) using Euler’s formula, the solution is given
by

T T
w=1-—cosf+ jsinb (—§§6‘§§ ) )

The real and imaginary parts represent the scale changes in
the z-axis and z-axis, respectively. As shown in Fig. 2, the
slope of the scale between O and V means linear perspective
in visual space. At the vanishing point V, the scale of all
objects becomes zero and they are no longer visible, so it
is the boundary of visual space. Thus, according to linear
perspective, the distance to the boundary of visual space is
considered equal in all directions, defining a radius and thus
forming visual space as a sphere.

As shown in Fig. 3, when scale w is defined as the prob-
ability of information certainty, then perspective depth [16]
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Fig. 4. Perspective depth is expressed by the complement of the cosine 6.

can be defined as the probability of information uncertainty as
the complement of scale w®. Therefore, the condition for the
probability density function is given by

w+w=1 0<w<l, 0<w<l). 3)

Since the scale at the origin is 1.0, visual space can be
defined as a unit sphere. Since the radius of the unit sphere is
1.0, cos @ can express the perspective depth from the viewpoint
to the vanishing point as the cosine depth. Similarly, sin 6
can freely express the change in scale from the viewpoint to
the vanishing point. Therefore, (1) shows all points within the
sphere can be represented by deflection angle 6.

D. Cosine depth in a unit sphere

Since w*® is the perspective depth and it can be expressed
by cos 6, the above equation is also given by

w—+cosf =1 (nggl, OSQSg). @)
As shown in Fig. 4, the condition for linear perspective is
also given by the following equation:

sinf + cosf =1 (OSHS%). 5

Therefore, under the condition that the sum of scale and
perspective depth is 1, the above probability density function
can be expressed as a square with 1 side as shown in Fig. 3.

Moreover, as shown in Fig. 2, (1) describes a change in
scale along the z-axis, which corresponds to an imaginary
dimension, induced by angular deviations occurring in the real
two-dimensional x-y plane. By extending this model to the
y-z and z-x planes, it can be generalized to a complex three-
dimensional (i.e., real six-dimensional) spatial model.

In this way, in calculations related to visual space, (5)
appears in which the sum of scale and perspective depth is
1 appears. This suggests that linear perspective and elliptical
space are closely related. This also suggests that the linear
perspective condition can be used instead of elliptic equations
when calculating positions in visual space.

N
\\
\\ 1
Real S~ Wl:;
distance T~ -
‘\\Tj 2 1
s s T ——— K=k
0 — x
Xo X1 Xy xp=k-s
wo=1
) 1
Perspective wy=— 1
depth L wpm—
272 1
s W],—r—k
0 R, R, Rel X
R
Fig. 5. Real distance vs. perspective depth [16]

III. PERSPECTIVE DEPTH IN VISUAL SPACE

In this section, we derive the perspective depth that satis-
fies the perspective condition in (5), which is necessary for
landscape representation in spherical images.

Fig. 5 demonstrates the relationship between the real dis-
tance in R? as physical space and the perspective depth [18]
in visual space.In the upper part, let s be the real distance
from point O where the object appears to be 1/r times larger.
If the real distance is twice s, the object will appear 1/r? times
larger. The lower part demonstrates the relationship between
scale and depth from the viewpoint, the origin of visual space.
This perspective depth is defined as the real distance multiplied
by 1/r when the distance is extended by s according to linear
perspective.

As shown in Fig. 5, when k£ is a multiple of the unit distance
s, xy 1s defined as follows:

zr=k-s (>0, s>0). 6)
In real space R3, the scale wy, on the point zj, is expressed
by the following equation, where 1/r is the depth reduction

rate at unit distance s:

wy=— (k>0, r>1). @)

r

From (7), perspective depth Rj, is given by the parameters
as demonstrated in Fig. 1:

Al s 1
Ry, = = (1_7) 8
k szrn 1 T‘k ()
n=0 1— —
T

Therefore, the perspective depth R from the viewpoint to
the vanishing point is given by
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Fig. 6. Perceived depth is relative to the radius of visual space.

In this case, the arbitrary perspective depth Ry, is given by

Rk:R(1—rik). (10)

IV. LANDSCAPE REPRESENTATION IN SPHERICAL IMAGES
WHEN THE VIEWPOINT IS MOVED

In this section, we formulate landscape representation in
spherical images when the viewpoint moves.

A. Perceived depth is relative to the radius of visual space

First, we derive the perceived depth to objects in order to
accurately represent the perceptual changes in depth caused by
viewpoint movement.

To derive perspective depth through drawing, as shown in
Fig. 6, draw AOAC as a change in scale, and then draw AABC
on top of it as the condition for linear perspective, since the
sum of scale and perspective depth is 1. MN denotes the depth
reduction ratio 1/ at point L, and LM denotes the perspective
depth (1 —1/r). Similarly, M’N’ indicates the depth reduction
ratio 1/7/ at point L, and ’M’ indicates the perspective depth
(1—1/7"). When ZBCA is v, the radii of the spheres at points
L and L’ can be expressed relatively as follows:

s T
R= 1=tan7 (0<v<§).
=7
R = il = tanvy (O<7<z).
1 2
,rl
R=TR. (11)

Therefore, the radius R of the visual space sphere is constant
regardless of the depth reduction rate 1/r or the depth s.
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Fig. 7. Lens magnification reduces the radius of the visual space.

To derive the perspective depth through a lens by drawing,
as shown in Fig. 7, AOAC is drawn to represent the change in
scale, and then AABC is drawn on top of it as the condition
for linear perspective, since the sum of the scale and the
perspective depth is 1. If the depth when the scale is 1/r
is s and the depth when the same scale is viewed through
a lens is ¢, then the lens magnification m times is given by
the following formula.

5
s = (m>0). (12)

Therefore, the radius of the sphere R’ when the lens
magnification is m is given by the following equation.

R s s i_
_1 1_1 1 m
r r

R
—. (13)
m

Therefore, when the lens magnification is m, the radius
of the visual space sphere becomes 1/m. When the lens
magnification is m, the radius R’ is expressed in ' as follows:

R = tan~ = -t 0<~ <2 14
= v = ctany <7<2 (14)

This suggests that lens magnification affects perceived
depth. This is because it can be mathematically explained that
when the lens magnification is doubled, the radius of the visual
space is halved, and the sense of depth to the vanishing point
is also halved. In this model, (14) can be used as a reference
to describe the cramped feeling when looking through a head-
mounted display.

B. Parallel lines ride on ellipses with the same major axis in
visual space

Parallel lines never intersect in physical space. By contrast,
parallel lines intersect at the vanishing point in visual space.
As shown in Fig. 8, if visual space is spherical, the condition
for parallel lines to intersect at infinity can be shown by having
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Fig. 8. Condition that parallel lines intersect at infinity [16].

Fig. 9. Parallel lines ride on ellipses with the same major axis [16].

the dashed circle intersects at infinity points E and W on the
X-axis. Because a straight line projected onto the spherical
surface looks like an arc when viewed three-dimensionally.
Thus, line WE and arc WAE appear to be parallel in visual
space. As shown in Fig. 8, when viewpoint O, point A, and
point A’ are on the same line, arc WAE and arc WA’E overlap
in visual space. Thus, arcs WAE and WA’E appear to be
parallel in visual space. In addition, as arc WBE also appears
to be parallel to line WE, arc WBE and arc WA’E appear to
be parallel in visual space.

If the inclination angle of the dashed circle to the Z-axis is
®q, the coordinates of A on the dashed circle in its orthogonal
projection onto the X-Z plane are given by the following
equation using the rotation angle 6 of the Z’-axis:

A= (Rcosf, R,sinf) (R,= Rsing,). (15)

As shown in Fig. 9, (15) represents an ellipse whose major
axis is the sphere’s diameter. A line through the origin can be
part of the ellipse in visual space. Therefore, any straight line
in R3 can be mapped on the ellipse in visual space. In other
words, as parallel lines in physical space are transformed into
ellipses with the same major axis in visual space, the direction
of the major axis points the same direction as the parallel lines.
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Fig. 10. Movement of points when the viewpoint is moved [16].

C. Movement of points when the viewpoint is moved

(10) and (15) are used to formulate the image change
when the viewpoint is moved. In particular, we mathematically
model the change in the deflection angle due to the difference
in depth to the observed object that occurs as the viewpoint
moves. Actual head-mounted displays use binocular disparity
to represent the depth of an object. This requires the inter-
pupillary distance to be adjusted for each individual. However,
in this section, we consider a model that allows stereoscopic
vision by projecting images onto a spherical surface in VR
space, like a planetarium, and mathematically reproducing the
difference in deviation angle due to depth differences.

As shown in Fig. 10, from (10), the coordinates of X}, are
given by

X = (Ry, 0):(3(1f%), o). (16)

Further, the coordinates of Xj_; is given by

Xy = (Rk - Tki_l,o). (17)

To find the extreme values of each coordinate component,
let ¢ = w/2— 0 in (15). Then, the coordinates of point Ay, are
difined as

A = (Ri, Si)=(Rsin¢gg, R,cosody). (18)

As the solutions of (18), the coordinates of A, are given by

a= (o 1) m(D) o

This makes it possible to simulate a chang in scenery in a
spherical image as the viewpoint changes. This is because it
can map the coordinates on the grid [19] to the coordinates
in spherical geometry. Thus, the model shows that a point
in real space can be mapped to the corresponding point in
visual space. Therefore, this model is a mathematical model
suitable for representing landscapes in spherical images using
immersive environments such as virtual reality (VR).
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Fig. 11. Equidistant and orthogonal projections

V. EQUIDISTANT AND ORTHOGONAL PROJECTIONS

Equidistant projection converts the central angle of the
visual space to an equal interval [20]. For this reason, it seems
that the most natural spherical VR space can be realized by ap-
plying equidistant projection. However, equidistant projection
is not necessary for a spherical VR space to which the visual
space model is applied. An orthogonal projection is basically
sufficient for this optical system configuration.

The left side of Fig. 11 is an orthogonally projected image
(fisheye image), the center is an equidistantly projected image,
and the right is a doubly equidistantly projected image. Parallel
lines projected onto the spherical surface of visual space
become ellipses, but equidistant projection makes these ellipses
closer to parallel lines. However, this is a discussion that
applies when mapping a three-dimensional sphere onto a two-
dimensional plane. When viewed through a head-mounted
display, the ellipses in the proposed visual space model become
parallel lines. For this reason, in a spherical VR model,
assuming a pinhole lens, image processing using orthogonal
projection rather than equidistant projection is sufficient.

VI. CONCLUSION

This study focuses on the characteristics of scale and pro-
poses a novel geometric model for landscape representation
in omnidirectional images. To address perceptual distortions
caused by depth and viewpoint changes—issues that conven-
tional spherical projections struggle to resolve—the proposed
model introduces a unified mathematical framework based
on differential equations. This framework enables the formal-
ization of angular deviations resulting from viewpoint shifts
and allows for accurate computation of the scale of observed
objects. As a result, it offers the potential for intuitive and less
distorted landscape representation even in VR environments.

It is a visual space model for geometrically describing and
analyzing landscape representations in spherical images [16].
This model is based on projection geometry, and is defined
by a linear projection from the viewpoint (the camera origin).
It is a differential equation that incorporates the observability
of scale, the inverse square law, and the linear perspective
condition. The solution shows that visual space is a sphere

based on elliptical geometry. Therefore, this model has a spa-
tial structure suitable for expressing a landscape in a spherical
image.
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