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Abstract—In practical scenarios, affected by electronic 

countermeasures or multitasking requirements, radar echoes 

from the same micro-motion target inevitably exhibit sparsity. To 

solve this problem, this paper proposes a sparse echo 

reconstruction method for micro-motion targets based on joint 

constraints of low-rank property and periodic consistency, aiming 

to enhance reconstruction performance. First, the wideband 

sparse echo signal model under random missing sampling (RMS) 

for micro-motion targets is established; then, inspired by the 

concept of matrix completion (MC), the "periodic consistency" 

constraint is introduced into the objective function, constructing 

an optimization model for echo signal reconstruction based on the 

low-rank property. Meanwhile, the alternating direction method 

of multipliers (ADMM) reconstructs echoes through alternate 

iterations and gradual optimization. Finally, simulation 

experiments validate the effectiveness of the proposed algorithm. 

 

I. INTRODUCTION 

The micro-motions of space targets induce complex 

modulation effects on radar echo signals, also known as the 

micro-Doppler (m-D) effect [1]. The m-D effect contains 

information about the target's shape, size, and scattering 

characteristics, and is widely applied in both civilian and 

military fields [2][3]. Among various forms of micro-motion, 

precession is capable of distinguishing different space targets 

and has been extensively studied. However, existing studies are 

mostly limited to full-aperture echo data, and sparse signal 

processing for micro-motion targets is still insufficient. 

Sparse observations disrupt the coherence among echo 

signals from micro-motion targets, posing a critical challenge 

in practical engineering applications. On one hand, when full-

aperture observation samples are contaminated by passive 

interference or radar malfunctions, some samples must be 

discarded, thus compromising the integrity of the echo signals. 

On the other hand, multifunctional requirements such as radar 

tracking and imaging prevent continuous observation of the 

same micro-motion target, leading to sparse echo signals. To 

address the above problems, sparse signal processing 

techniques based on compressed sensing (CS) have been 

proposed successively. In [4], orthogonal matching pursuit (MP) 

algorithm reconstructs cone-shaped target echoes, and 

preliminary verification with experimental data confirmed the 

effectiveness of sparse recovery methods. In [5], a Smoothed 

L0-norm (SL0) algorithm was used to recover echo signals with 

block-missing samples, enabling sparse ISAR imaging in short-

time observation. However, for most CS algorithms, discrete 

dictionaries inevitably lead to grid discretization, known as the 

"off-grid" problem, causing model mismatch and 

reconstruction errors. 

Recently, as a two-dimensional extension of CS, matrix 

completion (MC) theory has developed rapidly in the field of 

sparse signal reconstruction. By leveraging low-rank 

constraints, MC can recover missing elements of a matrix under 

certain conditions. Reference [6] proposed an MC method 

based on the Hankel matrix, which improved ISAR imaging 

performance in sparse scenarios. In [7], MC addressed the 

interference suppression problem in FMCW radar signals, 

enabling denoising and the recovery of full-aperture echo 

signals. It is worth noting that research on the application of 

MC to sparse signals of micro-motion targets remains rarely 

reported. 

To address the above challenges and inspired by MC 

methods, we formulate sparse echo reconstruction for micro-

motion targets as a low-rank matrix optimization problem. 

Unlike other scenarios, the micro-motion of space targets 

exhibits typical periodicity. To leverage this property and 

enhance the effectiveness of sparse reconstruction, this paper 

introduces "periodic consistency" to facilitate echo signal 

recovery. Finally, the alternative direction method of 

multipliers (ADMM) algorithm is employed to solve the 

objective function through multiple alternating iterations, 

gradually reconstructing the sparse echo signals.  

The rest of this paper is organized as follows. Section II 

establishes the sparse signal model of wideband echoes from 
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micro-motion targets. Section III describes the proposed sparse 

echo reconstruction method based on joint low-rank and 

periodic consistency constraints. In Section IV, the 

effectiveness and performance of the proposed algorithm are 

analyzed via simulated data. Finally, some conclusions are 

drawn in section V. 

II. SIGNAL MODEL 

The spatial geometry of a wideband radar and a micro-

motion target is shown in Fig. 1. According to the Geometrical 

Theory of Diffraction (GTD), the electromagnetic scattering of 

the target can be considered as the synthesis of local 

electromagnetic scattering from each scattering 

center. Assuming that the radar transmits a linear frequency 

modulated (LFM) signal, the “dechirp” processing is 

performed on the echo signal. For a target with K scattering 

centers, the baseband signal can be expressed as [6]  
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where t̂  is the fast time and nt  is the show time. c  

represents the light speed, pT  is the time duration.   stands 

for  the frequency modulation slope, cf  is the center 

frequency, and refR  refers to the reference 

distance.  Additionally,  ˆ,k nR t t  indicates the actual distance 

between the k-th scattering center and the radar at slow time nt ,  

while k  denotes the scattering intensity of the k-th scattering 

center. 

  A smooth cone-shaped target typically contains two types 

of scattering centers [8]: localized scattering centers (LSC, 

i.e., 1P ) and  sliding-type scattering centers generated by 

edge diffraction (SSCE, i.e., 2P , 3P ), as illustrated in Fig. 

1. The paper mainly analyzes the micro-motion state of the 

cone target in the precession form, with occlusion effects 

excluded from observation. c  represents the cone rotation 

angular velocity, and s  represents the spin angular velocity. 

For convenience, the micro-motion distance of scattering 

centers is defined as     fk n k n reR tRt R   . 

For LSC, its micro-motion is predominantly modulated by 

coning dynamics. According to [2], kR  can be written as 

    sins s sk n c nR t r A t      (2) 

where sr , sA  and s  are all constants. In (2), the micro-

motion distance of the LSC conforms to the law of sinusoidal 

modulation. 

For SSCE, the micro-motion distance is determined not only 

by coning dynamics, but also by the plane containing the radar 

line-of-sight (LOS) and the cone axis 1OP .  According to 

[9], kR  is expressed as 

      2 cos sink n n nR t th r t     (3) 

where 2h  denotes the distance from the cone centroid O to the 

base, and r represents the base radius. The angle  nt , 

defined between the LOS and 1OP  at nt , can be derived as 

    cos cos cos sin sin sin c sn nt t           (4) 

where,  is the precession angle,  signifies the angle 

between the cone rotation axis and LOS, and s  denotes the 

initial phase. For comprehensive derivations of the 

aforementioned modeling, please refer to [2] and [9]. 

By integrating (2) to (4), it can be observed that the micro-

motion distances of the two types of scattering centers both 

exhibit periodic modulation, with a period of 2 /c cT   . This 

provides a foundation for the subsequent algorithm. 

The above model is based on the full aperture (FA) data, then 

we introduce the sparse signal model for random missing 

sampling (RMS). We mainly focus on the RMS situation in the 

slow time dimension, where the missing samples occur at 

arbitrary places along the slow-time dimension in the complete 

dataset [10]. Fig. 2 provides a schematic of the sampling matrix 

Ω  corresponding to the RMS. Consider the discrete form of 

the signal, the echo matrix with M frequency points 

and N slow-time samples is expressed as 
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where each element ( , )s m n  in FAS  corresponds to indices 
{1, , }m M   and {1, , }n N  .  fns  represents 

the complete echo signal at the n-th slow time. 

Assuming slow-time echo sequences are randomly missing 

(Q < N), and their positions are 

 1 2{ , , , } {1,2, , }q Q q q qQ FN n n nn N N       (6) 

The missing columns in FAS  (i.e., columns indexed by qn ) 

are zero-padded to construct the RMS echo matrix X 

U
V

W

Radar

X

Z

Y

x

y

z

LOS

O

Q

1P

2P

3P

c

s

 
Fig. 1 Geometric model of the micro-motion target 
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 FAX S Ω  (7) 

where   means Hadamard product. The data missing ratio is 
denoted by /Q N . The subsequent section will introduce a 
reconstruction framework that leverages low-rank properties 
and periodic similarity constraints to restore the missing echo 
signals in X. 

III. PROPOSED METHOD 

Traditionally, based on the MC, the rank minimization 

problem can be expressed as 

 min rank( )

       s.t. ( , ) ( , ) ( , )m n m n m n  
X

X S
  (8) 

To further exploit the low-rank property, we transform X into 

an enhanced Hankel matrix { }X  for processing 
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where, Q  and Q are row parameters. 

The optimization model for the enhanced Hankel matrix is 

formulated as 

 
min rank( { }) 

s.t. ( , ) ( , ) ( , )m n m n m n  
X

X S


  (11) 

In order to reduce the computational complexity, we 
incorporate matrix factorization and the Frobenius norm into 
the solution process, (11) is rewritten as 
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where 2|| ||F  denotes the Frobenius norm, and [ ]H  denotes 
the conjugate transpose of the matrix. For X under the RMS 
condition, we accumulate the echo signals corresponding to 
each slow-time moment by rows to obtain ( )nx , and the 
autocorrelation function of ( )nx  is 
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Therefore, the delay corresponding to the micro-motion 

period can be estimated as 

  ˆ arg max

. . 0

is the delay corresponding to the local maximum
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s t
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where,   is estimated based on the non-zero coordinate 

positions corresponding to the second-best local maximum of 

 C x , and   denotes the modulo operator. Using êstT  and 

(12), we construct the "periodic consistency" constraint, and 

update the objective function 
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   ˆ{ (:,1: {ˆ ˆ)} :, 1 ) ,(:, }2est est estG t T Tvec vec Tt  X X X  (16) 

where,   is the regularization parameter,   denotes the 

nuclear norm, and {}vect   represents stacking columns of a 

matrix into a vector one after the other. G   represents the 

operation of arranging the vectorized block matrix into a new 

matrix by columns. Obviously, the nuclear norm is used to 

measure "periodic consistency", which aids in reconstructing 

the missing elements. To efficiently solve the optimization, the 

ADMM algorithm is employed. The augmented Lagrange 

function is defined as 
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where, 1R  and 2R  are the auxiliary variables, and 1  and 

2  are penalty coefficients. In the ADMM framework, the 

variables X , Z , U , V , 1R  and 2R  are updated by 

minimizing the augmented lagrangian function. Specifically, 

the (i +1)-th iteration of the ADMM algorithm can be expressed 

as 
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Fig. 2 Random missing sampling (RMS) pattern matrix 
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Specifically, the solution for 
( 1)iX  can be written as 
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where, ( )P   is the projection operator on  . Let †{}  

and †{}G   denote the adjoint operators corresponding to the 

matrix, which can be computed as follows [7]  

   1† H H
        (20) 

   1† H HG G G G


   (21) 

The solution of ( 1)iZ  is a classic nuclear norm 

optimization problem, which can be directly solved by using 

the singular value thresholding (SVT) algorithm as follows [11]   

  2

( )1) 1
/ 2

( ( ) ii iSVT G 
  RZ X  (22) 

where, 2/SVT   denotes the SVT operator with parameter 

2/  , whose detailed derivation is provided in [12].  

The iterative solutions of ( 1)iU  and ( 1)iV  are respectively 

given by 

     1( 1) ( 1) ( ) ( ) ( ) ( )
1 1 1{ }i i i i i H i 
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Based on (8) ~ (24), through multiple iterations, the complete 

X  can be reconstructed from sparse observation data when 

certain termination conditions are met. 

IV. SIMULATION RESULTS 

In this section, the simulation experiments is performed to 

evaluate sparse echo reconstruction of the proposed algorithm. 

The main simulation parameters of the radar and micro-motion 

are shown in Table I. In addition, additive Gaussian white noise 

is added to the echo signal, with a signal-to-noise ratio (SNR) 

of 15 dB. Two cases of data missing rates corresponding to 

RMS are considered: 0.3 and 0.5. 

In the first part, we compare FA echoes with RMS echoes, 

including high-resolution range profiles (HRRP) and time-

frequency distributions (TFD). From Fig. 3 (a) and Fig. 3 (c), it 

can be seen that the missing samples corresponding to RMS 

occur randomly throughout the observation interval. 

Comparing Fig. 3 (b) and Fig. 3 (d), we find that due to the 

disruption of the coherence of the echo signal by RMS, the TFD 

is defocused and broken, making it impossible to obtain valid 

time-frequency ridges. 

In the second part, we present the sparse reconstruction 

results of the proposed algorithm under different missing rates. 

Although the correlation of echoes is affected by sparse 

sampling, the corresponding autocorrelation functions can be 

located at the delay position corresponding to the cone rotation 

period at missing rates of   = 0.3  and   = 0.5, which is 

250 time delays, as shown in Fig. 4. Based on the period 

estimation, the missing ridges corresponding to HRRP and 

TFD can be effectively recovered, achieving good 

reconstruction performance, as shown in Fig. 5. Comparing Fig. 

3 (d) and Fig. 5 (d), the proposed algorithm can resolve the 

defocusing problem in TFD under the missing rate of   = 0.5, 

demonstrating the reliability of the proposed algorithm. 

Finally, we present a comparison of reconstruction 

performance at missing time positions for different algorithms. 

We compared the proposed method, the MC method [6], the 

Modified Smoothed L0-norm (SL0) method [13], and the 

ground truth of the signal. Fig. 6 shows the estimation results 

of HRRP amplitude and HRRP phase reconstructed by 

different algorithms under the condition of   = 0.5. The 

Modified SL0 method, which belongs to a classical CS 

algorithm, relies solely on information from the slow-time 

dimension to recover the missing signals and consequently 

exhibits the poorest performance. Benefiting from the 

enhanced Hankel matrix, the proposed method and the MC 

method can fully leverage both the low-rank information from 

the fast-time and slow-time dimensions, leading to superior 

recovery performance. However, owing to the periodic 

constraint, the proposed method achieves a phase 

  
(a) (b) 

  
(c) (d) 

Fig. 3 Comparison of FA echo and RMS echo. (a) HRRP corresponding 
to FA. (b) TFD corresponding to FA. (c) HRRP corresponding to RMS 
( = 0.5). (d) TFD corresponding to RMS ( = 0.5). 

TABLE I  THE MAIN PARAMETERS. 

Item Value 

Carrier frequency 
cf  10 GHz 

Pulse repetition frequency (PRF) 250 Hz 

Bandwidth 3.2 GHz 

Observation time  2 s 

Cone rotation period cT  1 s 

Spin period sT   2 s 

The data missing ratio   0.3/0.5 
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reconstruction closer to the ground truth, demonstrating its 

superiority. 

For quantitative evaluation, Table Ⅱ presents the average 

computation time of different methods. All methods were 

implemented with MATLAB R2024a and run on a computer 

with an AMD Ryzen 5 7500F Central Processing Unit (CPU). 

It can be observed that the proposed method requires more 

computational time, primarily attributed to the large-

dimensional expansion of the enhanced Hankel 

matrix. Additionally, the solution of U  and V  in (12) 

involves singular value decomposition (SVD). If (M - 2P)(N -

2Q) < (2P + 1)( 2Q + 1), the computational complexity of SVD 

is 2 2[( 2 ) ( 2 ) (2 1)(2 1)]O M P N Q P Q    , which contributes 

significantly to the computational overhead. 

V. CONCLUSIONS 

To address sparse echo reconstruction for micro-motion 

targets under RMS, this paper proposes a sparse signal recovery 

method with joint low-rank and periodic consistency 

constraints. The periodic consistency regularization fully 

exploits similarity across micro-motion echoes. Experimental 

results demonstrate that our method effectively recovers signal 

information at missing positions and outperforms existing MC 

method. Future work will investigate robust period estimation 

for sparse signals to further enhance echo reconstruction 

performance.  The future work will study the robust period 

estimation of sparse signals and reduce the complexity of the 

algorithm to further enhance echo reconstruction performance. 
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at   = 0.3. (b) Reconstructed TFD at   = 0.3.  (c) Reconstructed 
HRRP   at   = 0.5.  (d) Reconstructed TFD at   = 0.5. 
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Fig. 6 Performance comparison of different algorithms. (a) Reconstruction 
results of HRRP amplitude at the missing observation time. (b) 
Reconstruction results of HRRP phase at missing observation time. 
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