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Abstract—Covariance matrix estimation in high dimensions is
a central problem in data science, signal processing, and machine
learning, yet it remains challenging due to the need to ensure both
statistical accuracy and computational efficiency. In this paper,
we revisit the positive definite covariance estimation framework
of [1] and develop an efficient primal-dual algorithm that
alternately updates primal and dual variables. We demonstrate
that the proposed method can be interpreted equivalently as a
proximal gradient scheme in the dual domain. The algorithm
inherently preserves positive definiteness throughout the itera-
tions and is provably globally linearly convergent. Numerical
experiments establish the superiority of the proposed algorithm
over state-of-the-art methods, highlighting its effectiveness for
high-dimensional covariance estimation.

I. INTRODUCTION

The estimation of covariance matrices lies at the core of
numerous fundamental problems in modern multivariate data
analysis, with broad applications across statistics [2], biology
[3], finance [4], signal processing [5], and machine learning
[6]. For example, in finance, covariance matrices are essential
for portfolio optimization to manage risk [7]-[9]; in signal
processing, they enable adaptive beamforming for optimizing
antenna array reception [10]; and in machine learning, they
are prerequisites for dimensionality reduction methods such as
principal component analysis (PCA) [11] and for classification
techniques like linear and quadratic discriminant analysis [12].
However, covariance estimation becomes particularly challeng-
ing in high-dimensional regimes where the problem dimension
far exceeds the sample size. In this setting, the commonly used
sample covariance matrix is inconsistent, and relying on it
can severely degrade downstream tasks. For example, in PCA,
inaccurate eigenvalue estimates may exaggerate the importance
of certain components [13]. These challenges have motivated
extensive research on high-dimensional covariance estimation
in recent years [14]-[16].

To effectively estimate large covariance matrices, a widely
adopted strategy is to impose structural assumptions such
as sparsity, wherein many of the entries are assumed to be
zero [17]. This reduces the effective number of parameters
and improves statistical convergence rates. For example, in
longitudinal data analysis, it is often reasonable to assume
weak correlations between temporally distant observations
[17]. A common method for sparse covariance estimation is
thresholding [17]-[19], where small entries of the sample co-
variance matrix are set to zero. While these estimators possess
strong theoretical guarantees, such as minimax optimality and
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fast convergence rates, they generally do not ensure positive
definiteness. To simultaneously enforce positive definiteness
and sparsity, Rothman [1] proposed the following regularized
optimization problem:

1
min |2 - S|l ~ rlogdet £+ [Wo X, (1)

where S is the sample covariance matrix, —7 log det (-) with
parameter 7 > 0 is the logarithmic barrier, and ||W o -||, is the
weighted 1-norm with W being a non-negative weight matrix
and o denoting the elementwise product.

Problem (1) is convex; however, due to the coexistence of
the logarithmic barrier and the weighted 1-norm, it does not
admit a closed-form solution. Hence, we need to use numerical
solving procedures to solve this problem. In [1], a row-by-row
block coordinate descent (BCD) method was proposed. The
algorithm leverages the structure of the symmetric positive
definite matrices and updates one row (correspondingly one
column) at each time, where the subproblem can be cast
as a LASSO problem [20]. However, in high-dimensional
settings, the BCD approach can be computationally prohibitive
due to its double-loop nature and the fact that the number
of subproblems scales with the dimension. Furthermore, no
theoretical convergence analysis is provided for this approach.
In addition, the proximal gradient (PG) method [21], [22] has
also been proposed to solve this problem. Nonetheless, the PG
method requires careful tuning of the step size to ensure that
all iterates remain symmetric positive definite. In practice, the
admissible step sizes are often small, which results in slow
convergence.

Note that the numerical difficulty of Problem (1) comes from
the coexistence of the two penalty functions; a natural idea is
to decouple them. Introducing an auxiliary variable ¥, we can
reformulate Problem (1) into the following linearly constrained
convex programming:

o1 2
min 5||ZJ—S||F—TlogdetZ'—i—HWo!PH1 @
s.t. XY=w.

Obviously, based on the augmented Lagrangian function, the
classical augmented Lagrangian method [23]-[25] is appli-
cable for solving Problem (2). The direct application of
the augmented Lagrangian method, however, treats Problem
(2) as a generic linearly constrained convex programming,
and it ignores completely the separable structure of Problem
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(2). Therefore, the augmented Lagrangian-based alternating
direction method (AL-ADM) [26], [27], also known as the
alternating direction method of multipliers, can be applied. In
AL-ADM, we split the minimization task of Problem (2) into
optimizing the variables X' and ¥ in an alternating order.

While the AL-ADM algorithm leverages the separability
of Problem (2), we argue that it does not fully exploit its
structural properties. In particular, when both components of a
problem are strongly convex, the iterative Lagrangian method
can guarantee convergence without requiring an additional
augmented term [28]. In Problem (2), the subproblem with
respect to X' is already strongly convex, suggesting that
the augmented term may be unnecessary. Motivated by this
observation and inspired by [29], we propose a new algorithm,
termed the Lagrangian and augmented Lagrangian-based al-
ternating direction method (LAL-ADM). The key idea is to
update X based on the Lagrangian function while optimizing
¥ via the augmented Lagrangian. Furthermore, we derive
the dual formulation of Problem (2) and show that LAL-
ADM admits an equivalent interpretation as a dual proximal
gradient method. This dual perspective allows us to establish a
global linear convergence rate. Finally, numerical experiments
demonstrate that LAL-ADM significantly outperforms BCD,
PG, and AL-ADM in terms of computational efficiency.

II. PROPOSED ALGORITHM

In this section, we present the LAL-ADM algorithm for
solving Problem (2). The key idea of LAL-ADM is to al-
ternately update X' and ¥ using the standard Lagrangian and
the augmented Lagrangian, respectively, together with the dual
variable. The detailed update steps are provided below.

a) Update of X: Problem (2) leads to the following
Lagrangian function

1
L(Z.I)=5 %~ S||2 — rlogdet X + |W o &, )
+ <F727Q7>7

where I is the dual variable. The update for X' is through the
partial minimization of £ (X, ¥, I'), which is given by

1
X, = argmzin{2 ||E—S—|—FHI2; —TlogdetZ}. 4

Define the eigendecomposition of § —I" as VAV ", where A
is a diagonal matrix with diagonal entries corresponding to the

eigenvalues. Problem (4) admits a closed-form solution, given
by

X, =VI, (AVT, (5)
where 7, (-) is the proximal operator of —7 logdet(-) with

Aij+\/w i=i
7 (A)),; = { 2 7
0 i # ]

b) Update of ¥: The augmented Lagrangian for (2) is
Lo(B.9.0)=L(Z.0,D)+ 5|5 -2,

where o > 0 is the penalty parameter for the violation of
the linear constraint. The update for ¥ is through the partial
minimization of L, (X, %, I), given by

1 }

1
=S1w (2 + ar) , 6)

2

1
+ HWOSP
«

1 1
!I’Jr:argmlgn{zH!I’—E—aF .

where S1y (+) is the soft-thresholding operator with

Saw (54 ir)]

1 1
= sgn(Eij + afij)max{’Eij + Erij

1
— —W;;,05.
W0}
c) Update of I': The update for the dual variable is
I =I't+o(¥-v). )

Remark 1 (Comparison of LAL-ADM and AL-ADM). Both
LAL-ADM and AL-ADM are primal-dual algorithms with
similar structures. The key difference lies in the update of X
LAL-ADM employs the standard Lagrangian, whereas AL-
ADM relies on the augmented Lagrangian. This seemingly
minor difference renders LAL-ADM more advantageous, as
the performance of AL-ADM is highly sensitive to the tuning
of «, for which no definitive selection rule is available.

ITI. A DUAL PROXIMAL GRADIENT INTERPRETATION

In this section, we interpret the LAL-ADM algorithm from
the perspective of a dual proximal gradient method. By sub-
stituting 3, from (5) and ¥, from (6) into (7), we obtain
the following update rule for the dual variable I':

1
F+=F+Q2+—C¥Slw<2++a[‘>

:F+C¥2+ - Sw (F+OZE+) 3
=Pw (I +aXy)
:'PW(F+OZVJT(A)VT)3

where Py (+) is the projection onto the box constraint set
{X | ‘XU‘ < Wij}’ defined as

[Pw (X)];; = min {max {X;;, —Wi; } , Wi} .

The third line in (8) follows from the Moreau decomposition
theorem X = Sw (X)) + Pw (X).

In the following, we show that the last step in (8) can be in-
terpreted as a proximal gradient step on the dual objective. We
derive the Lagrange dual of Problem (1). For the Lagrangian
in (3), we have

0 if|0y] < Wi,

inf L(X, @, I) { )
' —oo otherwise,
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and
inf £(Z,@,I) = %HVJT(A)VT — SH? — 7logdet J,(A)
+(L, VI (AVT).

Combining these results, we obtain the dual problem for (1)
as follows:

max — HVJT AV —SH
r 2 F

— 7logdet J, (A) + <F, V7. (A) VT> ©)
s. t. |F”| S Wl]

Let g(I') be the objective of Problem (9), the gradient of g(I")
is computed as

V() =VI, (AV'.

This shows that the update of I" in (8) is essentially a proximal
gradient ascent step with step size a for solving the dual
problem (9), i.e.,

', = Pw (I +aVg(I)). (10)

We summarize the proposed algorithm in Algorithm 1. Unlike
in AL-ADM, where « serves as an augmented Lagrangian
parameter, here « acts as a step size analogous to that in
projected gradient descent.

Remark 2. Given the interpretation above, at each iteration,
a in practice can be chosen to satisfy the following sufficient
descent condition:

g(I't) +(Vg(I't) , L1 — I'y)

1 (11)
Sg(FtJrl)""T |\Ft+1—Ft||%7
67

via backtracking line search.

IV. CONVERGENCE ANALYSIS

In this section, we analyze the theoretical properties of Algo-
rithm 1. We first examine the strong convexity and smoothness
of the function g, which are key to determining the theoretical
step size o and establishing the convergence guarantees of the
algorithm.

Lemma 1. The function g (I') is (%)-stmngly concave and
(%)-smooth over the set C = {I' | al < VI (A)V' <
oI, S—-I = VAVT}, where 0 < a < b. Specifically, for any
matrices I'y, I's € C, the following relations hold,

2

a

ﬁ'”rl*FZHF

b2
Iy)—vg (I’ <
199 (T1) = Vg (L)l < 57—
Proof: We prove the smoothness and strong convexity of
the dual objective g by analyzing the primal objective in (1).
Denote

Vg (I'1) = Vg ()| >

Ny = Talp -

1
F(2) = 5 11Z = S|y — 7log det(X).

Algorithm 1: Dual Proximal Gradient Algorithm
Input: S, W, .
Initialize I'g = diag(S) — S — rdiag(S)~ !, t = 0.
while not converged do
Compute Vg(I') =V, J, (A;) V|, where
VtAtVtT is the eigendecomposition of S — I'y;
I'ip1=Pw (I't+aVg(I));
end
Output: I';;.

By duality, if f is p-strongly convex and L-smooth, the dual
function g is +-strongly concave and --smooth.
Note that Vf (X) = ¥ — S — 75, Applying the mean
value theorem to vec (Vf (X)) gives
vec (Vf(X1)) —vec (Vf(X2))
=IoI+72 '@ X ") (vec(X1) — vec(X2)), (12)
where ¥, = ¢X¥1 + (1 — ¢)X¥5 with ¢ € [0, 1]. Denote the
eigenvalues of X, by Ay (X.) < --- < A (X,) for a given
value of c. By Weyl’s inequality, we have
/\d (Ec) 2 min{/\d (21) s )\d (22)} Z a,
)\1 (Ec) S max{)\l (21) 7)\1 (22)} S b
From (12), we have
1+ <a(Iel+r5 @5 )
_ V() -V (B
- 13 — Za|p
<M(Iel+rZ ez ) <1+,
a

which completes the proof.
|
Based on Lemma 1, since % < 1 holds for all b > 0, any
step size a with 0 < o < 1 is admissible in Algorithm 1. The
following theorem establishes the global linear convergence of
the dual variable I'.

Theorem 2. Suppose all iterates of I' lie in the set C defined
in Lemma 1 with parameters a and b. Let I'y1 and I'y denote
successive iterates of Algorithm 1, and let I', be the optimal
solution to Problem (9). Then,

CL2
[FAESTIE AN S (1 _abg_'_T) [T = Il
with 0 < a < 1.

Proof: The solution to Problem (9) is the fixed point of
the following equation

I, =Pw (I'x +aVg(Ty)). (13)
Using the update rule I';y; in (10), we obtain:
[Te1 = I'illp

=Pw ('t +aVy(I'y)) = Pw (I's + aVg(I'y))llp
< +aVg (L) = (s +aVg (I)llg
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TABLE 1
COMPARISON OF FOUR DIFFERENT METHODS ON A SIMULATED DATASET WITH d = 1000, n = 400.

BCD PG AL-ADM LAL-ADM (Dual PG)

Structure K Time (s) Iter Time (s) Tter Time (s) Iter Time (s) Tter
0.02 3607.33 34 3585.48 2543 11.84 26 7.28 13

Block 0.06 3643.19 33 2805.54 1985 27.70 58 17.36 31
0.10 3700.25 63 1042.14 674 48.02 95 31.21 64

0.02 3729.17 55 2941.03 2153 14.74 28 6.64 13

Band 0.06 3680.03 67 1957.71 1369 25.45 71 10.82 24
0.10 4012.36 86 1034.52 869 43.02 99 14.98 30

0.02 3669.72 47 3480.71 3274 11.65 24 7.87 12

Toeplitz 0.06 3622.96 68 2714.88 1963 29.84 45 18.30 19
0.10 4015.70 91 923.95 737 53.26 76 24.98 30

where the inequality follows from the nonexpansiveness of the
projection operator Py (-).

Define ¢ (I') = vec (I") + avec (Vg (I')). The following
inequality holds:

sup IIJ(FC)Q} [T = Tillg,

ce

I (I't) = & (')l < {

where J(-) denotes the Jacobian matrix of ¢(-) and I'. =
cl'y + (1 — ¢)T'. Next, we derive the explicit expression for
J(I'.) and demonstrate that when « < 1, the supremum
sup.ejo] IS (Ie)ly is strictly less than 1 for all ¢. This
establishes the linear convergence of I'.

To compute the Jacobian of vec (Vg (+)), note that Vg (I")
is given by the solution A to the equation A — S — 74~ +
I' = 0. Accordingly, define u (A, I') = vec (A) — vec(S) —
vec (TA_l) +vec (I'). Applying the implicit function theorem,
we obtain:

dvec (Vg ()  [ou(A, )] ou(A,T)
Ovec (IN) [ Ovec (A) } " Dvec ()
——(T+7A'®A Y
Thus, the Jacobian J(I'.) is given by

_ Ovec (r.) Ovec (Vg (I'.))
dvec (') Ovec (I'.)

:I—a(I—FTA;l@A;l)_l,

J(Ie)

where ® is the Kronecker product and A, = V .7, (A.) VI,
where V. and A, are from the eigendecomposition S —I", =
VAV,
Next, the eigenvalues of (I +7A.' ® A"~ are
(Al (A,
YT (A 1T (AC)L‘]' +7

Since 0 < p;; < 1 and a < Ag(Ag) < Mi(Ae) < b, for any
0 < a <1, we have

a2
P~ Pl < (1= g ) I~ Tl

|

Building on Theorem 2, we can establish that the sequence

Yy converges to the solution of Problem (1) at a linear rate.
This result is formalized in the following corollary.

Corollary 3. Let X, be the solution of Problem (1). The
iterate X, is computed as in equation (5), ie., X; =

VT (A)V ] . Then,
2 t
—04b2+7_> [To = Ilp -
Proof: Note that Xy = argminy{f (X)— (I's, X)} and
X, =argming{f (X) — (I, X)}. We get
V(X)) =-I, Vf(¥)=-T.

Given that f (X) is strongly convex with parameter 1+ 5 as
shown in Lemma 1, we obtain

b2
2 — Xl < s IVF(X:) = VI(Z)g

a2 k
< (1 —ag +T) |To — Iyl -

12— 2. < (1

V. NUMERICAL EXPERIMENTS
A. Linear convergence

In this section, we first demonstrate the linear convergence
of the proposed LAL-ADM algorithm and examine how it de-
pends on the choice of regularization parameter W. We set all
off-diagonal elements of W to «, while the diagonal elements
are set to zero. In this experiment, we set the dimension to
d = 1000 and the number of samples to n = 400. The ground-
truth covariance matrix is generated as a banded matrix, as
described in Section V-B. Fig. 1 illustrates the convergence of
|’y — I'y|| with increasing iterations, confirming the theo-
retical result in Theorem 2. Notably, the algorithm converges
more slowly as the regularization parameter « increases. This
aligns with the dual problem formulated in Section III, where
K serves as the box-constraint parameter.
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TABLE II
COMPARISON OF FOUR DIFFERENT METHODS ON A SIMULATED DATASET WITH d = 1000, n = 1000.

BCD PG AL-ADM LAL-ADM (Dual PG)

Structure K Time (s) Iter Time (s) Tter Time (s) Iter Time (s) Tter

0.02 3768.04 46 2885.80 1648 12.37 26 8.39 18

Block 0.06 227.94 6 405.54 603 17.89 26 9.09 19

0.10 186.06 5 118.55 321 20.78 25 10.36 21

0.02 3681.51 73 3200.18 1332 13.62 29 5.26 23

Band 0.06 229.93 7 801.24 841 34.48 54 11.68 29

0.10 173.16 5 171.11 381 49.93 78 15.63 33

0.02 3601.08 71 4103.71 2816 10.82 23 6.62 15

Toeplitz 0.06 116.32 3 1093.35 1109 36.85 39 11.71 22

0.10 130.96 3 512.31 216 61.88 58 13.08 29
107! o —oow for moderate-dimensional setting where n ~ d. In each setting,
10-2 \ 5 =0.018 | we systematically evaluate the performance of all algorithms
\ TR0 across three different sparsity penalty levels (x = 0.02, 0.06,
10°° - ::8?;3 : and 0.10) to ensure comprehensive comparison under varying

?f 104 \ ' regularization conditions. .
| In the presented tables, we report the average computational
K 1079 time and number of iterations required for each algorithm
- \ to satisfy the stopping criterion. As shown in Table I, the
\ LAL-ADM algorithm outperforms all other methods in terms
107 of runtime across all high-dimensional settings. Additionally,
LAL-ADM consistently requires fewer iterations than other

1075 10 20 30 10 50 30 70 80

iteration

Fig. 1. Convergence of LAL-ADM with varying .

B. Synthetic experiments

In this section, we compare the performance of the proposed
LAL-ADM to the performance of BCD [1], PG [21], and AL-
ADM. All the methods are initialized as Xy = diag (.S), and
for LAL-ADM and AL-ADM, we additionally initialize ¥ =
o andFO:Z‘O—S—TZ‘al.

We consider three distinct types of covariance matrices as
ground truth, all of which are guaranteed to be positive definite:

1) Block matrix: The indices 1, ..., d are evenly partitioned
into 10 groups, where Y;; = 0.8 if ¢ and j (¢ # j)
belong to the same group, and 0 otherwise. The smallest
eigenvalue satisfies Ay, (X) = 0.2.

2) Banded matrix: The entries are defined as 2;; = 1— Izlg(a)l
for |i — j| < 100 and O otherwise. For d = 1000, the
smallest eigenvalue is approximately Ay, (X) =~ 0.005.

3) Toeplitz matrix: The entries follow ¥;; = 0.75/i71.
When d = 1000, the smallest eigenvalue is approxi-
mately A\pin (X)) ~ 0.143.

The parameter 7 was fixed at 10~* as recommended by [1]
for stable solution. We conduct two sets of experiments with
a fixed dimension of d = 1000: one with n = 400 for high-
dimensional setting where n < d, and another with n = 1000

algorithms, including the BCD algorithm, which is generally
recognized for achieving substantial progress per iteration.
Compared to the AL-ADM algorithm, LAL-ADM demon-
strates both faster CPU times and fewer iterations. This
observation is consistent with the discussion in Section II,
where the strong convexity of the X-related component in the
LAL-ADM formulation eliminates the need for an additional
augmented Lagrangian term. Conversely, the PG algorithm
frequently requires the highest number of iterations to achieve
convergence. As analyzed in Section IV, this behavior can be
attributed to the necessity of an extremely small step size to
ensure the identification of a feasible solution. As presented
in Table II, for moderate-dimensional settings, the runtimes of
other algorithms decrease, yet LAL-ADM remains the most
efficient in terms of computational speed.

VI. CONCLUSIONS

This paper focuses on the estimation of large sparse positive
definite covariance matrices and proposes a fast algorithm
based on the alternating direction method. Each step of the
algorithm admits a closed-form solution, ensuring positive
definiteness at every iteration. We further interpret the pro-
posed method as a proximal gradient ascent algorithm in
the dual domain and derive the rule for step size selection.
Convergence analysis demonstrates a linear convergence rate,
and comprehensive experiments validate the effectiveness of
the proposed algorithm.
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