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Abstract—Multimodal spatiotemporal data frequently arises in
environmental monitoring, sensor networks, and public health,
where multiple data sources with distinct statistical properties
are collected over space and time. Traditional models such as
multiple-output Gaussian Processes impose restrictive assump-
tions on marginal distributions and linear dependence structures,
limiting their ability to capture complex real-world interac-
tions. This work introduces a novel framework for modeling
high-dimensional multimodal spatiotemporal data by combining
graph signal processing, approximate Bayesian inference, and
copula theory. The proposed approach decouples marginal esti-
mation from dependency modeling, enabling scalable inference
while capturing nonlinear cross-modal dependencies. Empiri-
cal results demonstrate that incorporating the copula struc-
ture improves predictive accuracy, particularly for modalities
poorly modeled in isolation. Anonymized code available at:
https://anonymous.4open.science/r/multimodal-KGR-2DE(Q

I. INTRODUCTION

Multimodal data refers to information that combines multi-
ple types of data sources and formats. Sometimes, modeling
different types of data together results in a more complete and
nuanced understanding of a complex phenomenon or network
compared to modeling them separately. Building a model
that can jointly represent the information from a multimodal
dataset is key when there are interactions between the different
modalities [1]. Most of the recent advancements in modeling
multimodal data come from machine learning methods, in
which the objective is to integrate data from different inputs,
e.g., audio, visual, text, to give a computer or large language
model more contextual information and help it complete its
task [2], [3]. See [1], [4] for a survey of this area.

Another context in which multimodal data problems arise is
the analysis of data from sensor networks. Sensors can simul-
taneously measure many different variables. This results in a
dataset that exhibits not only spatiotemporal dependencies, but
also potentially dependencies between the different modalities.
A classic approach to account for correlations across multiple
dimensions is multiple-output Gaussian Processes (GPs) [5],
[6]. However, this approach assumes marginal distributions that
are Gaussian and does not allow for nonlinear dependence
structures, which makes it suboptimal for modeling many
real world problems. As a result, alternative approaches such
as Copula models have been proposed to incorporate non-
Gaussian marginals and more complex, multimodal depen-
dence structures. Copula models separate marginal distribu-
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tions from the dependence structure of multivariate distribu-
tions, allowing non-linear dependence structures to be cap-
tured. See [7], [8] for a discussion of the properties of copulas
and when they are useful for capturing multivariate measures
of association/concordance. For example, in Zhang et al., a
hierarchical model is proposed in which a multiple GP is used
as a latent process, while the marginal distribution can take
any form, and the dependence between marginal distributions
is captured with a copula [9].

This paper builds upon previous work by proposing a novel
methodology for modeling spatiotemporal multimodal data,
where multimodality in this case refers to multiple types of
data (modalities) observed over the same spatial units and
time points. Kernel graph regression (KGR) models are used
to model each spatiotemporal modality marginally because
they combine a temporal kernel and a learned graph structure
via a Kronecker product to estimate a flexible and parsimo-
nious spatiotemporal dependence structure, as demonstrated
in [10]. KGR models are particularly useful for modeling
sensor networks and other types of spatiotemporal data where
complex spatiotemporal dependencies exist but are difficult
to capture with fully parametric models. To capture cross-
modality dependencies, a copula is used to model the joint
distribution. Copulas provide flexibility in modeling complex
cross-dependencies, including tail dependencies that standard
joint Gaussian models cannot capture, while maintaining the
marginal distributions estimated with the KGR models.

The approach is motivated by an important real world
application: modeling excess mortality due to heat in England.
It is well understood that episodes of extremely hot or cold
temperatures are associated with increased mortality [11]-[13].
Thus, instead of modeling mortality separately, the case study
of this paper models daily excess mortality due to heat and
the average maximum temperature for that day jointly across
the nine regions of England during June-September of 2018.
Contributions. To facilitate the modeling of spatiotemporal
multimodal data, this work proposes a novel framework for
efficiently estimating a high-dimensional copula. First, KGR
models are used to estimate the spatiotemporal covariance ma-
trices and marginal posterior distributions for each spatiotem-
poral observation. These are then used to estimate said copula.
This combination of graph regression models and copulas to fit
multimodal data is novel and results in improved forecasting
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performance for modalities that may not be estimated well
by a marginal model. This paper focuses on a two modality
problem, but the proposed framework can easily be extended
to more modalities.

II. BACKGROUND STATISTICAL CONCEPTS FOR
MULTIMODAL DATA MODELING

This section presents important definitions of some key
components used in the proposed modeling approach for
multimodal data, namely GPs, linearly dependent GPs, copula
models, and KGR models.

Definition 1 (Gaussian Process): A Gaussian process is a
collection of random variables, any finite number of which
have a joint Gaussian distribution. A Gaussian process is com-
pletely specified by its mean function, p(z), and covariance
function k(x,2’), and denoted by

f(x) ~ GP(u(x), k(z,2")).

Definition 2 (Linearly Dependent Gaussian Processes):
Given two Gaussian processes fi; and fs, if the correlation
between fi(x), Vz in the domain of f;, and fs(z'), V' in
the domain of fs, is:

kp@).faeny = B (f1(2) = pn () (f2(2") = pa2(2”))],

then the two random processes are said to be linearly depen-
dent.

The dependency structure of the two dependent Gaussian
processes is captured via a kernel matrix K:

K1 K
K =
{Km Kz} ’

where K and K5 are the correlation matrices within process
1 and process 2, respectively, and K12, K91 are the cross-
correlation matrices capturing dependency between the pro-
cesses.

Furthermore, it will be useful to define a copula distribution
for a multivariate random vector as it provides a means to
study dependence structures which are scale-free measures of
dependence or concordance.

Definition 3 (Copula Distribution): A copula is a function
C :10,1]% — [0,1] that satisfies the following properties:

o Grounded: C(u1,...,uq) = 0 if at least one u; = 0.

o Uniform Marginals: For all j € {1,...,d} and u; €

[0,1],

C(l,...,l,Uj,l,...,l)ZUj,

where u; appears in the j-th position.
« d-increasing: For all vectors z,y € [0, 1]¢ such that ; <
y; for all 7, it holds that

2 2
Z o Z (_1)i1+m+idc(u1i1 res Udig) 2 0,
i1=1 ig=1

where Uj1l = Tj, Uj2 = Yj for all j € {17 S ,d}
Let Fy be a joint cumulative distribution function (CDF)
of the random vector Y = (Y7,...,Yy) with marginal CDFs
Fy,,...,Fy, and U; := Fy,(Y;) € [0,1] for j = 1,...,d.

d

Theorem 1 (Sklar’s Theorem): There exists a copula C :
[0,1]¢ — [0, 1] such that for all (yi,...,yq4) € R%,

va) = Fy (Fy,' (w1), ..., Fy Hua))
=C(uy,...,uq).

Fy(yl,...

If all Fy, are continuous, then the copula C' is unique; other-
wise, it is uniquely determined on Ran(Fy, ) x - - - x Ran(Fy,).

A. Kernel graph regression models

KGR models use techniques from graph signal processing,
namely the graph Laplacian, to estimate the spatial dependence
structure and kernel functions to model temporal dependence.
Graph Laplacians (see [10] for discussion) are calculated from
a known or estimated graph structure and used to obtain a
smooth spatial dependence structure over the spatial units of
the graph, known as a graph filter

L=VAVT

H>=Vn*(A)VT, )

where the graph Laplacian L and graph filter H? both have di-
mension N X N, V and A are the eigenvectors and eigenvalues
of the graph Laplacian respectively, and 1?(A) is a decreasing
function such as the cutoff function with given probability
threshold ¢ € [0, 1] used in this paper:

aaRie 0, otherwise.

This graph filter is combined with a temporal kernel K, such as
the locally periodic radial basis function (RBF) kernel defined
below, via a Kronecker product to produce a parsimonious and
interpretable spatiotemporal dependence structure

Kip (z,2;0) := kyp (37737/§ UQva) kv ($7$/§ UQ,Prbf)

S |e—a|?
20rbf

B 2sin? (r|z—2’|/12)
=o€ Pp (&

ITII. SYSTEM AND MODELS

Consider two modalities Y4(s,t) and Yp(s,t) observed at
locations indexed by s = 1,..., N and times ¢t = 1,...,7,
then denote
Y = (Ya(1,1),...,Ya(N,T),Yp(1,1),...,Yp(N,T)) =
(Y1,...,Y;) to be a multivariate random vector with CDF
Fy with marginals at (s,t) given by exponential family
distributions:

y;) = eXi=1 i OT )= O) )y

Furthermore, assume modality Y4 € RNXT s Poisson dis-
tributed with a stochastic intensity process that produces a Log
Gaussian Cox Process (LGCP)

Ya|A, Fg ~ Poisson(A) ,
Ay | F = eXils il €8I+ g Bmllt€ml+Fa, oy |

FANQP(O,EAZKA®HA2)7
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and modality Yz € RV*T is modeled directly with a GP

Yp =Fp ~GP(n,%p = Kp ® Hg?) ,
N 9
Hs,t = ZO@'I [i € S;]+ Z B I [t in month m] |

i=1 m=6

with latent intensity model parameters € RY and 3 € R™
for m monthly fixed effects, let 1) = {«, 8}. Each process is
modeled with a KGR model, which is based on the assumption
that the latent process follows a GP (F4 and Fp). The
dependence structure for each GP is a separable spatiotemporal
covariance matrix comprised of a unique temporal kernel
K; € RT™*T and graph filter H; € RV*¥ for each modality.
The same locally periodic RBF is used for K4 and Kjp,
but different hyperparameters are learned for each modality.
The prior kernel hyperparameters are given generically by
0 = {04,605} with the vector of kernel parameters given
for the locally periodic RBF kernel corresponding to each
modality by: 0; = {prys.;,ppj,07 }. Separate graphs are
estimated based on spatial correlations in the response Y; to
produce different graph filters H 4 and Hp for each modality.

Modeling Y4 and Yp separately ignores any potential inter-
dependencies between these two modalities. Thus, estimating
the joint distribution 7(Yy4,Yp) in addition to the marginals
can lead to improved predictions/forecasts. Since the likelihood
of each modality may vary, the proposed modeling approach
of this paper focuses on modeling the joint distribution of the
latent processes 7(F4, ) with a multivariate copula. This
paper considers a d-dimensional Student’s t-copula, defined as

Ci(u; p,v) i=T(t, (u1), ...t (ua); pv), (2

where p is a d x d correlation matrix, 7' is the joint CDF
of F' ~ Ty(v,0,p), and ¢, is the standard univariate CDF
of a t-distribution with v degrees of freedom. Once again,
u is obtained from the marginal CDFs of F4 and Fp. The
correlation matrix is constructed as
pPBa PB |’

vyhere pa is calculated from )3 A, PpB is calculated from
3B, and pap and its transpose are estimated as a diagonal

cross-correlation matrix between the two modalities using the
following kernel function:

_was,)—yp(s,t)?

k(ya(s,t),yp(s,1); pa) = e 2/An

This diagonal correlation matrix provides a simple representa-
tion of the instantaneous cross-correlations between modalities
A and B. Denser cross-correlation matrices that account for
lagged spatial or temporal dependencies can be used instead,
if deemed necessary, at the cost of a greater computational
burden. Using (2), the joint distribution of the latent processes
F4 and Fp can be written as the product of a multivariate

t-distribution and two multivariate normal distributions:

7(Fa,Fg) = c(Ua,Up; p,0)ma(Fa)np(Fa) =

v+d —udd
—F(%) <1+1uTﬁ_1u> i
I( v
1
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W(FA7FB|Y;w7ﬁ?ﬁ) X
T(YalFasva, Ba)7(Y|Fpivp, E5)
c(Ua,Up; p,0)ma(Fa)mp(Fp)m ()

where U and Up are each vectors of length NT' defined as
U; = Fy,(Yj) for j = 1,...,d, the likelihood is the product
of two exponential family distributions (Poisson and Gaussian
in this case), and the prior is the joint distribution 7w (F4, Fi5)
times the prior for the fixed effects of the linear predictor. Let
¥ ~ MV N(0,diag(c?)).

IV. ESTIMATION

The goal is to derive a low-complexity algorithm to perform
multimodal forecasting at multiple locations given marginal
forecasts made by KGR models fit on each modality separately.
The proposed procedure follows from Inference Functions for
Margins (IFM) by [14]:

1) Estimate spatiotemporal covariance matrix
$ = K ® H? for each modality. Using graphical
lasso, implemented by the R package huge (see [15]),
different graphs are estimated for each modality based
on the response and subsequently transformed into graph
filters via (1). The length and scale parameters for each
temporal kernel are estimated with a grid search and used
to calculate the gram matrix.

2) Estimate marginal posterior distribution
ﬂ(fj(s,t);’l[),é, $). The j = 1,...,NT marginal dis-
tributions f;(s,t) are estimated with a KGR model. To
expedite the estimation of these models, the Integrated
Nested Laplace Approximation (INLA), an approximate
Bayesian inference method, is used. See [16] for details.

3) Use these marginal posterior distributions to get pseudo-
observations 4, (s,t) = Ffj(fj(s,t);qﬁ,é, ).
Concatenate 4;(s,t)Vj from each modality to get u =
{G1,...,0q4}

4) Construct diagonal blocks for p from p4 and pz. Then,
define kernel function for off diagonal blocks p 45 and
Ppa- A diagonal or dense cross-correlation can be used,
depending on computational resources.

5) Evaluate copulas of the form in (2) with fixed correlation
matrix p and a grid of p hyperparameters pap =
{ pfj}g, cey pff}g} for p ap and degrees of freedom values
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v={vW ..., v} to find the pair that maximizes the
likelihood of the copula

(pap, D) = argmax I (t; (1), ..

Pl

Note: for high-dimensional datasets, using a copula or

vine copula package may be intractable, so directly

evaluating the copulas as a function is more reliable.
A. Forecasting

To forecast h steps ahead from time t, let

T(FAt+h: FBa+ns Fane, Fp1:4]Y)
=71(Fa+n FeisnlFare, Feaa, Y)T(Fa1e, Fp14lY)
=(Fa+n, FBasnFaie, Fea)m(Fae, Fi4|Y)
=1(Fa+nFa14)7(FeitnFp 1)

c(Ua,tsn U ttni Peyn, V)7 (Fape, Fa|Y) .

Forecasts Y4 445 and Yp ;4 are obtained by sampling from
the posterior predictive distributions of the latent processes of
the two modalities as follows:

1) Estimate p,,, based on a fixed length in sample window
of t+ h (for the temporal kernels), assuming stationarity,
v is held constant

2) Evaluate copula in (2) with p,,,,7 and then sample
pseudo-observations from it
(U:x,t-i-hv Ug,t-i-h) ~ C(UA,t+ha UB,t+h§ ﬁt+h» ﬁ)

3) Apply inverse marginal CDF to each pseudo-observation
with the corresponding discretized marginal posterior
distribution that INLA outputs. Say for Ua(s,t + h), it
provides values { (1)( s,t+h),... (m)(s t+h)} and

probabilities {pA (s,t+h),... ,pf4 )(s, t+h)}. Find j
such that
P V(s t+nh) <UV(s,t+h) < PY (st + h)
A )

whereP(J (s,t+h)= Zp(k)st—i—h

= Fi(s,t+h) = X><s,t+h>.

4) Repeat steps 2 and 3 to get samples of F'}(s,t+ h) and
take the mean to get forecast Fs (s,t + h)
= do the same for U]’g,’Hh.

5) If necessary, like for modality A in this case, transform
Fy(s,t+h) into Y4 (s,t + h).

6) If a rolling one-step-ahead forecast is being performed,
like in the case study, i.e., h = 1, shift the in-sample
window forward by 1 and repeat steps 1-5

V. CASE STUDY

In this section, the results of a multimodal modeling problem
are presented in which daily excess mortalities due to heat
(Y4) is modeled in conjunction with the corresponding average
maximum air temperature for that day (Y) across the regions
of England (N = 9) during the summer months (June-
September) of 2018 (1" = 122 days).

East East Midlands

" ikt it oAl

London

Jun  Ju Aug Sep Octdun Jul Aug Sep Octdun Jul Aug Sep Oct
@ Morth East Morth West South East
< 60
s
o 40
a 20
o
a oo
Jun Jul  Aug Sep Octdun Jul Aug Sep Octdun Jul Aug Sep Oct
South West West Midlands Yorkshire And The Humber

* AL Ml Vb

Jun Jul Aug Sep Octdun Jul Aug Sep Octlun Jul Aug Sep Oct
Date
Fig. 1. Modality A: Excess deaths by region
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Fig. 2. Modality B: Average maximum temperature by region

The goal is to make better predictions by modeling the
dependence between the two modalities with the inclusion of
a copula function, compared to modeling the two modalities
with separate KGR models.

A. Data

The time series for Y4 and Yp are shown above. Data for Y4
comes from a report by the Office for National Statistics (ONS)
[13]. Excess deaths are defined as the number of observed
deaths compared to the five-year average. Let X 4 represent
this raw data, which may be negative. To make Y4(s,t)
Poisson distributed, any negative values were replaced with
zero i.e., Ya(s,t) = Xa(s,t) AO.

Data for Y5 comes from the Met Office Integrated Data
Archive System (MIDAS), which contains land surface station
data starting from 1853 [17]. This collection comprises of
hourly and daily weather measurements and observations of
parameters relating to temperature, rainfall, and more. For
each county within a given region, data from three monitoring
stations were collected (if available), resulting in about ten
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measurements of the maximum air temperature for each day
for each region. These measurements were averaged together
to get a time series of daily average maximum temperatures
for each region.

To evaluate the utility of modeling the interdependence
between Y4 and Yp with a copula, a rolling one-step-ahead
forecasting exercise was first conducted on each modality
separately. The first 115 observations for all nine regions
were used for the in-sample window (¢ = 115), and then the
next day’s value Y; 11 was forecasted for all nine regions
simultaneously. This was repeated with the in-sample window
sliding forward by one day until the last seven days are
forecasted (h = 1,...,7). The predictions for each modality
are then combined to estimate the copula presented in (2),
which leads to better forecasts as illustrated below:

B. Results

Using the steps described in Section IV-A, more accurate
forecasts were obtained, as expected, by estimating and sam-
pling from the multivariate t-copula representing the joint
distribution between the latent processes of the two modalities.

Note that in all of the plots in this section, the dotted lines
represent the forecasts made marginally with the KGR models
and the dashed lines represent the forecasts made with the
inclusion of the t-copula. For Y4, the KGR model severely
overestimates the observations for each out-of-sample day and
across all regions. The copula approach reduces mean absolute
error (MAE), mean absolute percentage error (MAPE), and
root mean squared error (RMSE) by more than 50% for most
forecasts as shown in Table I:

h Marginal Copula

MAE MAPE RMSE | MAE MAPE RMSE
1]1481 239 15.85 | 8.15 1.36 8.32
212281 365 2437 | 834 139 8.49
312370 3.81 25.21 | 8.76 1.46 8.90
412559 410 27.03 | 927 154 9.42
513514 556 37.13 | 959  1.60 9.73
613459 550 3659 | 9.88  1.65 10.04
714226 6.71 44.57 | 9.49 1.58 9.75

TABLE I
FORECAST PERFORMANCE WITHOUT/WITH COPULA FOR Y4
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Fig. 3. Rolling one step ahead forecasts for Y4

h Marginal Copula

MAE MAPE RMSE | MAE MAPE RMSE
111976 0.158 2478 | 1.965 0.157 2.448
2(1.845 0.140 2253 |1.883 0.143 2285
312059 0.119 2422 |2016 0.117 2.377
413.023 0.157 3474 |3.032 0.158 3479
512026 0.145 2542 | 1963 0.140 2.444
62962 0229 3490 |2940 0228 3512
713513 0.278 3.851 | 3.535 0.280 3.886

TABLE II

FORECAST PERFORMANCE WITHOUT/WITH COPULA FOR Yp
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Fig. 4. Rolling one step ahead forecasts for Yp

For Y, the t-copula leads to slight improvements in forecast
performance. The KGR model produces forecasts that are hard
to beat; hence, the addition of the copula does not make much
of a difference to the predictions. In this case, the forecasted
values and error metrics are virtually identical between the
marginal model and the copula model.

VI. CONCLUSIONS

In this paper, a novel approach to modeling spatiotemporal
multimodal data is introduced, synthesizing ideas from graph
signal processing, approximate Bayesian inference, and copula
models. This approach allows for the estimation of copulas
even for high-dimensional data. In the case study, the inclusion
of a copula function is demonstrated to improve the accuracy
of forecasts (in terms of MAE, MAPE, and RMSE) over those
made by marginal models, mainly for the modality that was
fit poorly. This supports the notion that copulas can capture
complex dependence between modalities. Potential avenues
for future works include performing uncertainty quantification
for these copula-based predictions, comparing with alternative
multimodal modeling approaches, such as multi-output GPs
and deep learning based fusion models, and exploring the
theoretical properties of the model, such as identifiability and
convergence guarantees.
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