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Abstract—Generative models have recently made remarkable
progress in enhancing the disentanglement and interpretability
of their latent representations. While mutual information-based
(MI-based) metrics have been widely used to evaluate disen-
tanglement, they have several limitations, such as high compu-
tational complexity, inability to deal with nonlinear relations,
and sensitivity to noise. To overcome these shortcomings, we
propose a novel approach that leverages Fisher Information (FI)
to evaluate two critical aspects of disentanglement: explicitness
and modularity. The proposed metrics have a clear intuition
based on the information inequality from estimation theory. It
is demonstrated via numerical experiments that the FI-based
metrics provide more stable and interpretable evaluations under
noise and nonlinearity, with lower computational overhead than
traditional MI-based metrics.

I. INTRODUCTION

In recent years, generative models have become a crucial
tool in machine learning, with the ability to learn and present
probability distributions of data, thereby generating new data
similar to the original [1], [2]. A key component of these
models is the latent representation, which is designed to be
compact and structural. A major challenge lies in making these
representations interpretable, meaning that each dimension in
the latent space corresponds to a specific data attribute [3], [4].
To achieve this, the latent representation must not only capture
essential features of the data but also be disentangled, i.e.,
different dimensions in the latent space should be independent
and unaffected by one another [3]. For example, in a facial-
image dataset, each latent dimension should map to a concrete
attribute, such as eye color, hairstyle, or expression, instead
of encoding a mixed blend of unclear characteristics [4]. If a
model can learn this, one can easily adjust a single dimension
to change the desired attribute without affecting others, thereby
providing greater flexibility in generating new samples [5].

To address this challenge, several deep learning models have
been proposed to increase the disentanglement of the latent
representation, making its dimensions more independent and
interpretable [6]. Notably, 3-VAE [7], an extension of the Vari-
ational AutoEncoder (VAE), encourages the independence of
latent dimensions by adjusting a hyperparameter 3 in the loss
function that controls the trade-off between encoding capacity
and disentanglement. InfoGAN [8] extends the Generative
Adversarial Network (GAN) by adding a classifier to maxi-
mize MI between the latent dimensions and the data factors.
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InfoGAN is capable of learning disentangled representations
without complex architectures. However, these methods only
work for relatively simple imagery data, such as faces or single
3D objects [6].

The evaluation of the interpretability of latent represen-
tations is crucial, and many evaluation metrics have been
proposed to measure properties in the disentanglement such
as explicitness, modularity, compactness, and the information
content of the latent space [6], [9]. These metrics can be
classified into three categories: information-based, predictor-
based, and intervention-based [9]. Information-based metrics
estimate the MI between the factors and the codes to compute
a disentanglement score. Predictor-based metrics are measured
by using regressors or classifiers to predict factors from codes.
While intervention-based metrics evaluate disentanglement by
comparing codes within subsets of data with fixed factors.

Information-based metrics are particularly emphasized in
this work due to their principled foundation in information
theory and their widespread adoption in the literature. Fur-
thermore, information-based metrics offer several advantages,
such as requiring fewer hyperparameters and making no as-
sumptions about the relationships between the factors and the
encoding [10]. One of the most commonly used metrics is
MIG (Mutual Information Gap), which utilizes MI to measure
the degree of disentanglement between the dimensions in the
latent space, ensuring that each dimension corresponds to a
specific data attribute without mixing with other attributes [11].
Additionally, DCI (Disentanglement, Completeness, and Infor-
mativeness) is a more comprehensive set of metrics, evaluating
not only disentanglement but also the ability to fully represent
the important attributes of the data in the latent space [12].

However, these metrics have considerable limitations. First,
none of them specifically measure the explicitness of the repre-
sentation. Second, current metrics often calculate modularity
based on the difference between the two largest MI values
between factors and codes. Here, factors refer to the under-
lying attributes or properties of the data (e.g., digit identity,
thickness, rotation angle), and codes are the dimensions of
the learned latent representation. Additionally, most current
implementations use maximum likelihood-based MI estimation
methods, which typically partition the factor and code spaces
into small bins, calculating empirical probabilities for each bin
and then applying discrete MI formulas. Consequently, these
metrics are inherently sensitive to bin granularity. Moreover,
many metrics require repeated MI estimations between factor-
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code pairs, becoming problematic when dealing with high-
dimensional latent spaces. This prohibits the application of
more precise but computationally intensive MI estimation
methods, such as MINE [13].

The relationship between FI and MI is complex [14], [15],
with FI providing both lower and upper bounds for MI. In deep
learning, the Fisher Information Matrix (FIM) has been utilized
for optimization and spectral analysis [16]-[18]. However, in
statistics and signal processing, FI is best known for its direct
connection to the Information Inequality or the Cramér-Rao
Bound (CRB), which is a well-known reference metric.

We propose the hypothesis that FIM, as a measure of how
sensitive the model output is to changes in latent variables,
can be used as a reliable tool to measure two important
aspects of disentanglement: explicitness and modularity. Our
proposed metrics — NEXF and MODF - retain the advantages
of information-based metrics while addressing their limita-
tions. We conduct several experiments demonstrating that
the proposed metrics can better reflect the explicitness and
modularity in noisy and nonlinear circumstances. Moreover,
their computational complexities are significantly reduced, as
compared to other information-based metrics, thanks to the
condensed constructions of the proposed metrics.

The remainder of this paper is organized as follows. Section
I provides theoretical background on information-theoretic
concepts used to evaluate disentanglement, including MI and
FI. Section III presents our proposed Fl-based metrics for
evaluating explicitness and modularity. Section IV describes
the experimental setup and compares our metrics against
existing disentanglement measures under various noise levels
and nonlinearity conditions. Section V concludes the paper and
outlines directions for future work.

II. BACKGROUND
A. Mutual Information-based metrics

MI is a fundamental concept in information theory that
quantifies the amount of information one random variable
contains about another. Formally, the MI between two random
variables X and Z is defined as

I(X,Z)://p(x,z)log (M) dedz. (1)

A notable MI-based metric is the Mutual Information Gap
(MIG), which measures the difference between the highest and
second-highest MI values for each ground-truth factor. It is
formally defined as

(v, zi) — I(vg, 20)
H(v;) '

where I(v;, z) is the MI between the ground-truth factor v;
and the latent variable z, with the highest ML, I(v;, z,) is the
second-highest, and H (v;) denotes the entropy of the factor
v;. The final MIG score is computed by averaging over all
generative factors. A higher MIG indicates that each factor is
primarily captured by a distinct latent dimension, implying a
more disentangled representation.

MIG; =

2

Other metrics in this category include Modularity and DCI,
which also leverage MI or statistical independence to assess
the alignment between latent dimensions and the underlying
generative factors.

B. Fisher Information and the Cramér-Rao Bound

While MI captures statistical dependency between variables,
FI quantifies the amount of information an observed random
variable carries about an unknown parameter. Given a para-
metric distribution p(x|@), where x is a random variable and
0 < R? is a vector of unknown parameters where d represents
the dimension of the parameter 8. The FIM is defined as:

F(6) =E [Vglogp(x|6) - Velogp(x|)'].  (3)

The FIM is always symmetric and positive definite. It
provides insights into how sensitive the likelihood function,
is to changes in model parameters, and therefore how much
information the data carries about those parameters. FI is
closely related to the CRB [19], which gives a lower bound on
the variance of any unbiased estimator 6. The CRB is defined
as the inverse of the FI:

var(8) = CRB(6) = F~1(6), “)

where var(@) denotes the covariance matrix of the estimator
6, and = denotes the generalized inequality.

This result implies that higher FI leads to a lower value of
bounds on variances of estimators, i.e., it enables more precise
parameter estimation.

IIT. MAIN WORK

To address the limitations of existing information-based
metrics, we propose two novel metrics that directly quantify
the interpretability properties of latent representations using FI.
These metrics are designed to be both theoretically grounded
and computationally efficient, enabling reliable evaluation even
in high-dimensional latent spaces. The first metric focuses on
explicitness, measuring how well the latent codes describe
the underlying generative factors. The second metric captures
modularity, quantifying the degree of independence between
factor representations.

A. Explicitness Metric

Explicitness is defined as the property where factors of
interest must be fully described by the code space. Perfect
explicitness occurs when a generalizable relationship exists
between factors and codes. Typically, desirable relationships
are linear or monotonic for continuous factors and partitioned
for categorical factors [20].

Considering factors and codes vectors v,z € R? by the
CRB theorem, one has

E[(®—v) (4 —v)] = F ®)

where © is an arbitrary estimator of v based on z, and we use
F = F(v) as an abuse of notation. For a specific factor v;:

E [(0; — v:)?] = F; " (6)
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Equation (6) directly follows from the diagonal entries of
the matrix inequality in Equation (5), which corresponds to
the scalar form of the CRB [19], [21]. The higher value of
FI indicates a better estimation of factors from codes, which
implies greater explicitness. We propose an explicitness metric
called EXF, defined as the trace of the FIM:

ZF” (7)

EXF values are positive and unbounded, with zero indicating
that the codes do not bring information about the factors. Given
variances of the factors, the normalized EXF is defined as:

_1_7zvar (8)

ranging from zero to one, where one indicates perfect explic-
itness.

Compared to metrics like JEMMIG [22] and DCIMIG [23],
EXF does not require pairwise (mutual) information estimation
between factors and codes, significantly reducing complexity
and enabling more accurate information estimation methods.

EXF (v)

NEXF (v

B. Modularity Metric

Modularity or independence between factors is another
critical property. Good modularity implies each factor affects
only a distinct code subspace and vice versa [20]. To evaluate
modularity, we utilize the off-diagonal entries of the FIM,
which reflect asymptotic covariance estimation errors between
parameters in maximum likelihood estimation. These entries
relate directly to partial correlations of estimation errors [24].
Intuitively, if the factors are independent, their estimation
errors should not be correlated. We propose the modularity
metric MODF as

MODF(;) =1~ - !

|3
; )
~1 Z FiuF;,

MODF (v Z MODF (v;). (10)

Additionally, a normalized modularity metric SMODF based
on maximum partial correlations is defined as

F;
SMODF () = 1 — mjax\/%, (11
SMODF (v Z SMODF (v;). (12)

MODF and SMODF indicate high modularity when their
values are close to one. Unlike existing metrics like MIG-sup
[25] and modularity score [26], which measure relative modu-
larity through MI differences, MODF and SMODF directly
measure absolute modularity, offering lower computational
complexity.

IV. EXPERIMENT AND RESULTS

We conduct four experiments to evaluate the proposed
metrics. Following the experimental design in [9], the first
three experiments evaluate the proposed metrics under varying
levels of explicitness, modularity, and nonlinearity.

In these experiments, the latent code z € R8 is constructed
as a controlled function of a meaningful-factor vector v €

8 and an independent noise vector n € RS, with a scalar
parameter o € [0, 1] regulating the relative contributions of
signal and noise. To estimate the FIM for each experiment,
we employ FINE [27], [28], a neural FI estimator, in which
the statistics network is a multilayer perceptron with a single
hidden layer of sixteen ReLU units. Training is carried out
using the Adam optimizer with a learning rate of 10~3, a batch
size of 100, and 2000 epochs per experiment.

The fourth experiment compares NEXF scores across differ-
ent latent configurations in two generative models: GAN and
InfoGAN.

In the remainder of this section, we conduct experiments to
evaluate the effectiveness of the proposed metrics, comparing
them to existing metrics for the same tasks.

A. Explicitness Evaluation Experiment

In this experiment, we examine how evaluation metrics
change as representations transition from fully disentangled
to completely random due to noise, meaning explicitness
decreases from perfection. To simulate this transition, we
define the relationship between meaningful factors and latent
variables as

2= flv) =

with n ~ N(0,021), v ~ N(0,02I) and « varied from 0.0
to 1.0 in steps of 0.2,
For the model defined in (13), the analytical FIM can be

written as
2
1 1 1-—
F=— 4+~ ) . (14)
o2 o2 @

v

(1—a)v+an, (13)

A detailed closed-form expression of this result is provided in
Appendix .

As shown in Fig. 1, score of the proposed metrics according
to the variation of the parameter o. When o = 0, NEXF
reaches its highest value of 1, indicating perfect explicitness
when there is no noise in the representation. NEXF starts
decreasing as « increases, and when a = 1, NEXF is nearly
0, indicating the representation completely loses explicitness
when the latent variable is represented only by noise.

The other Ml-based metrics, such as JEMMIG and
DCIMIG, which are used to measure explicitness, have also
been illustrated when « increases from O to 1. When «
increases, the score of both metrics decreases rapidly. It can
be observed that both metrics are sensitive to noise and
do not maintain good explicitness in high-noise conditions.
Furthermore, when o = 1, meaning that z is represented
only by noise, JEMMIG still reaches an explicitness value of
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Fig. 1. Metric scores for perfectly disentangled representations under
increasing noise influence

approximately 0.2, although theoretically, there should be zero
explicitness in the latent variable z.

In contrast, the proposed NEXF metric demonstrates a
more stable ability to measure explicitness. The explicitness
measured by NEXF decreases almost proportionally as noise
amplitude increases. This indicates that NEXF is not only
highly precise but also exhibits consistency across various
noise conditions, unlike other metrics such as JEMMIG and
DCIMIG.

B. Modularity Evaluation Experiment

We investigate the variation of evaluation metrics as the
modularity of the representation decreases while maintaining
the explicitness at its maximum. We define the relationship
between meaningful factors and latent variables as

z = f(v) = Rv+n, (15)
11—« « 0 0
0 l1—« o 0
where: R = 0 0 -« 0 |,
« 0 0 11—«

n ~ N(0,021), v ~ N(0,021) and « are varied from 0.0 to
0.5 in steps of 0.1.
Thus, the FIM for latent variable z is given by:

) %3[(1—@)2—&—&2] if i =7,
F:—21+ Uli(l—a)a if j=1+1, (16)
! 0 otherwise.

Here, « is an adjustable parameter controlling interactions
between entries in matrix R. When o« = 0, R becomes an
identity matrix, resulting in the highest modularity of the latent
representation z with respect to v. As « increases, R gradually
shifts from an identity matrix toward a nearly symmetric

1.0 ~ L &
0.9 H\‘\.
0.8
0.7

g —e— Modularity Score

806 JEMMIG

© o051 —&— MIG-sup

g oal 7 SMODF ESTIMATE

S | — SMODF ANALYTICAL
0.3
0.2
- ‘\‘\\\\‘
0.0

0.0 0.1 0.2 0.3 0.4 0.5
a
Fig. 2. Metric scores for perfectly disentangled representations under

increasing coupling, reflecting modularity degradation.

matrix, where each representation dimension is associated with
two factors, thus reducing modularity.

The analytical FIM results, computed according to our pro-
posed metric definition and comparing to mutual-information-
based metrics for varying o are shown in Fig. 2. At o = 0,
both the Modularity Score and SMODF attain 1, whereas
the MI-based metrics start at lower baselines (JEMMIG =~
0.3, MIG-sup =~ 0.2). As « increases to 0.3, the Modularity
Score remains essentially unchanged (=1), failing to reflect
the reduced independence between dimensions. By contrast,
JEMMIG and MIG-sup decline from their initial, already low
values, exhibiting limited dynamic range.

Our proposed SMODF metric decreases approximately lin-
early from 1 to 0.5 as « varies from 0 to 0.5, reflecting
modularity changes. It is important to note that SMODF
can reach zero only under perfect linear correlation among
estimated errors; in our setup, balancing the FI at @ = 0.5
yields a minimal modularity of 0.5. These results demonstrate
that SMODF provides both sensitivity and a full range in
detecting modularity degradation.

C. Non-linear relations

We evaluate two proposed metrics with nonlinear relations
between factor v and latent z. The relationship function
between v and z is defined as

z = f(v) =1000~% 4+ 0.25 tan (w(v — 0.5)) + 0.5 + n,
17)

where

(18)

<1000°‘ — 0.25>
w = 2arctan — 5 )

with n ~ N(0,021),v ~ 1(0,0.1)% and « varied from 0.0 to
1.0 in steps of 0.2.

Unlike the previous explicitness and modularity experi-
ments, the nonlinear case cannot be computed in closed-form
for the FIM. Therefore, only empirical estimation via FINE is
used in this setting.
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Fig. 3. Metric scores for perfectly disentangled representations within
increasingly nonlinear correlation

Fig. 3 illustrates the comparison between various disen-
tanglement metrics as the level of nonlinearity increases,
controlled by the parameter «. As observed from the plot,
when « increases—indicating that the relationship between
factors and codes becomes more nonlinear—most existing
metrics such as JEMMIG, DCIMIG, and MIG-sup exhibit
a significant decline in their scores. In particular, DCIMIG
shows the sharpest drop, decreasing from approximately 0.9
to below 0.3 when « reaches 1.0, suggesting that this metric
fails to accurately reflect the modular structure under nonlinear
conditions.

Similarly, JEMMIG and MIG-sup also experience a decline
in score as « increases, although their degradation is less
severe than that of DCIMIG. In contrast, NEXF estimates
clearly exhibit their robustness by maintaining high scores,
close to 1, even as « increases. This result highlights its
ability to accurately assess disentanglement under complex and
nonlinear conditions.

D. EXF Metric on GAN vs. InfoGAN

In this experiment, we use NEXF to evaluate the explicitness
between the latent variable and factors in both GAN and
InfoGAN models. We use the MNIST dataset as the target
data distribution. This dataset contains grayscale images of
handwritten digits (0-9), each with a resolution of 28x28.
For InfoGAN, we evaluate NEXF in four cases: (i) With all
latent variables, including 62 noise dimensions (z), 10 discrete
dimensions (cg;s), and 2 continuous dimensions (Ccon); (ii)
with cgis and cope; (iii) with only ccon and (iv) with z alone.
For the baseline GAN, NEXF is computed over the entire 62-
dimensional latent vector z ~ N(0, I).

To evaluate NEXF for each case, we define factors as the
class labels of the MNIST dataset predicted by a classifier.
Specifically, the latent variables are passed through the gener-
ator to generate images, which are then input into the classifier
to obtain the predicted class labels. A small Gaussian noise is
added to the class labels to ensure the regularity condition of

the FI. Importantly, this small amount of noise does not impact
the accuracy of the information estimated by FINE.

1.0
0.902 0.893 0.889
0.8
<
S 0.6
v}
wn
w
<
% 0.4
0.304 0.283
0.2
0.0
InfoGAN InfoGAN InfoGAN InfoGAN GAN
all latent c_dis + c_cont c_dis z z
74 dims 12 dims 10 dims 62 dims 62 dims

Fig. 4. NEXF scores of InfoGAN and GAN under different latent configu-
rations.

The estimated results for the five cases are shown in Fig. 4.
The NEXF score for all latent dimensions (i) in the InfoGAN
model is 0.902, which is much higher than the score 0.283
in the GAN model. This shows that the latent variables in
the InfoGAN model are more explicit and more interpretable
compared to those in the GAN model, thanks to the training
procedure that maximizes mutual information (MI).

We further analyze NEXF in different latent subspaces for
InfoGAN. The values of NEXF drop slightly to 0.893 and
0.889 in case (ii) and case (iii), respectively. This result shows
that discrete latent variables (cgis) are the main source of
explicitness. In contrast, the NEXF in case (iv) drops signifi-
cantly to 0.304, close to that of GAN. Hence, z alone could
not explain the factors well; however, it implies that z and
the latent variables c contain some overlapping information
regarding the factors.

V. CONCLUSION

In this work, we have introduced two Fl-based metrics,
EXF/NEXF and MODF/SMODF, to quantify two key aspects
of disentanglement, explicitness and modularity, respectively.
By comparing our proposed metrics against MI-based metrics
(MIG, DCI, DCIMIG, MIG-sup), we have demonstrated that
the proposed metrics have lower computational complexity.
Moreover, the metrics can capture the properties perfectly in
the case of a nonlinear relationship between factors and codes.
Additionally, NEXF corroborates the findings of InfoGAN by
assigning much higher scores to InfoGAN compared to GAN,
highlighting the effectiveness of maximizing MI in learning
more explicit and interpretable representations. In future work,
we will focus on further evaluations of the proposed metrics
on real-world datasets and integrating them into the training
objectives of generative models to jointly optimize generative
quality and interpretability.
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APPENDIX

This appendix presents a detailed derivation of the closed-
form expression for the FIM corresponding to the model
defined in Equation (14).

From (13) we have

(1-a)

(0% (0%

v+n=0+n

The conditional probability density function f(z'|v) is
written as:

f(2' ) = ——

@m)7Sa]

The log of f(2'|v):

1
log f(2'|v) = log ((27T)d/202> -
1 l-a
202 @ o

Taking the derivative with respect to v:

0 , B
aT}iIng(z |v) =—

n k=1
d
1 1—«
= 0_72 o Z(Z’L - Z;)
n i=1
Second derivative:

o2 . 0 (1 1-a , -
371,2210gf(z \U):% GTQL' o ;(zz_zlz)

1 T-a l1-a
02« !

Thus, the FIM of the latent variable z is computed as:

F = F(n) + E,F(v)
_L.g, [—M 1og<f<z’|v>>]

11 1-a\?
02 o2 !

The derivation of (16) follows similar steps and is omitted
for brevity.
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