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Abstract—Compressive sensing (CS) has become a power-
ful signal processing technique, enabling signal reconstruction
from a limited number of measurements by exploiting signal
sparsity. This paper proposes a low-complexity, high-quality
total variation (TV)-based reconstruction algorithm, termed 2D
TVAL3 AdGD (Two-Dimensional Total Variation Augmented La-
grangian Alternating-Direction with Adaptive Gradient Descent).
The proposed algorithm builds upon the well-known TVAL3
framework, which addresses TV regularization problems within
the CS context. By adopting separable sensing operators under
a two-dimensional CS model and incorporating an adaptive
gradient descent method, 2D TVAL3 AdGD significantly reduces
computational complexity and memory usage. This approach
accelerates the reconstruction process without degrading re-
construction quality. Simulation results demonstrate that the
proposed algorithm achieves superior reconstruction quality over
TVAL3 and significantly outperforms other conventional CS
algorithms in terms of the Structural Similarity Index (SSIM).
Furthermore, it is approximately 21 times faster than TVAL3.
On representative test patterns, 2D TVAL3 AdGD achieves an
average SSIM of 0.9656 with a runtime of 0.016 s over 101
iterations.

I. INTRODUCTION

Compressive sensing (CS) is a transformative signal process-
ing paradigm that reconstructs signals from significantly fewer
measurements than traditional methods by exploiting signal
sparsity [1]. This enables sub-Nyquist sampling and highly
efficient data acquisition, particularly for high-dimensional sig-
nals like natural images, which are sparse in various transform
domains. Within this framework, image reconstruction is a
critical application, recovering missing or corrupted image
content from incomplete CS measurements. This fundamental
task is vital across diverse fields like medical imaging [2],
remote sensing [3], and astronomical imaging [4], enabling
high-quality reconstructions from subsampled observations to
reduce acquisition time and hardware constraints.

Early CS image reconstruction algorithms, such as Orthog-
onal Matching Pursuit (OMP) [5] and Approximate Message
Passing (AMP) [6], assume image sparsity in a predefined
transform basis. OMP is a greedy algorithm, while AMP
performs iterative denoising. Their primary limitation is per-
formance degradation when this predefined basis does not
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precisely capture the image’s true structure. To overcome fixed-
basis sparsity constraints, total variation (TV)-based methods
promote sparsity in the image gradient domain, preserving
edges and suppressing noise effectively [7]. Unlike basis-
dependent methods, TV regularization offers more robust
reconstruction quality. A notable example, the total vari-
ation augmented Lagrangian alternating-direction algorithm
(TVAL3) [8], provides high-performance TV minimization.
However, TVAL3’s reliance on 1D vectorization and back-
tracking line search increases computational burden and mem-
ory usage, limiting its scalability for high-resolution images.

To address TVAL3’s limitations in high-resolution image
reconstruction, this paper proposes a novel two-dimensional
low-complexity TV-based algorithm: the two-dimensional to-
tal variation augmented Lagrangian alternating-direction algo-
rithm with adaptive gradient descent (2D TVAL3 AdGD). This
method extends TVAL3 to operate directly under a 2D CS
model with separable sampling operators. It incorporates an
adaptive gradient descent (AdGD) strategy to ensure conver-
gence without a computationally intensive backtracking line
search. 2D TVAL3 AdGD significantly reduces computational
complexity and memory usage while maintaining high recon-
struction quality.

The remainder of this paper is organized as follows. Section
II reviews the principles of total variation regularization. Sec-
tion III presents the proposed 2D TVAL3 AdGD algorithm in
detail. Section IV reports simulation results and performance
analysis. Finally, Section V concludes the paper.

II. TOTAL VARIATION REGULARIZATION

Compressive sensing aims to reconstruct a high-dimensional
signal from a limited number of linear measurements. For a 2D
image X € R™*™, the compressive sensing model is typically
represented as

y = Ax, (1)

where x = vec(X) € R is the vectorized image, A € RM*N
is the sampling matrix with M < N, and y € RM s
the observation vector. Since this system is underdetermined,
additional constraints are required to ensure a unique and stable
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solution. Regularization techniques are therefore employed to
incorporate prior knowledge about the signal structure. An
effective regularization strategy for image reconstruction is
total variation (TV), which exploits sparsity in the image’s
gradient domain. This approach is particularly suitable for
natural images, often piecewise smooth, consisting of ho-
mogeneous regions separated by sharp transitions, making
TV regularization a natural choice. TV regularization can
efficiently reduce noise while preserving edges, making it
effective for image and signal processing. TV is the sum of the
absolute difference between the adjacent elements throughout
the signal. For a 2D signal X, total variation (TV) is defined
as

TV(X) £ VX, )
‘7]‘

where p = 1 or 2 denotes the anisotropic and isotropic TV
cases, respectively, and VX ; is the discrete gradient at pixel
(i,7). The discrete gradient at pixel (¢, j) can be expressed as

A
Vs = [Xzyj+1 - X

where D, ; € R2%"* s the discrete gradient operator at
pixel (7, 7). Since the ¢;-norm computation is generally more
efficient than that of the ¢s-norm, this work adopts the /;-
norm to evaluate the total variation throughout the remaining
discussion. For the anisotropic TV case, it can be reformulated
as

TV(X) = |[vec(XD")]|; + |[vec(DX)]1, @)
where D is the discrete gradient matrix defined as
-1 1
D= : e R™™, (5)
-1 1
1 -1

By applying TV regularization to equation (1), the overall
optimization problem can be formulated as

argmin TV(mtx(x)) subject to y = Ax, (6)

where the operator mtx(-) denotes reshaping a vector into
its 2D matrix form. To solve the constrained optimization
problem in (6), TVAL3 adopts the augmented Lagrangian
method (ALM), where the augmented Lagrangian function is
formulated as

La(x,A) = D IIDixi —AT (Ax—y)+ £ Ax—y[% @)
i,

This formulation incorporates the Lagrange multiplier A and
a penalty term p. TVAL3 iteratively updates the variable
x and the multiplier A to approach the optimal solution.
To overcome the non-differentiability of the ¢;-norm in (7),
TVALS3 introduces an auxiliary variable w; ; and redefines the
optimization problem as

arg m)jnz lwijlli, sty=Ax, w,; =D, ;x. (8)
i,

The resulting constrained problem in (8) is then tackled
using the augmented Lagrangian method, which introduces a
penalty term to enforce the constraint w; ; = D; ;x while
maintaining data fidelity concerning the measurements y =
Ax, leading to the following augmented Lagrangian function
as follows:

La(x, WA V)= (HWi,jHl — v (D x — wi;)
; & ©
+5 D% = wisl?) = AT(Ax —y) + £l Ax — ],

where v; ; € R?*! is another Lagrangian multiplier, and 3
is another penalty coefficient. Algorithm 1 shows the pseudo
algorithm of TVALS3.

To efficiently minimize the augmented Lagrangian function,
the alternating direction method of multipliers (ADMM) [9]
is employed. ADMM decomposes the problem into two sub-
problems that are solved iteratively. TVAL3 applies ADMM
to decompose the problem in (9) into the following two
subproblems:

argmin £.4(x®), w® AF) L #)) (10)

argminEA(x(kH),w(k),)\(k),u(k)). (11)

To address these subproblems, the authors of TVAL3
propose the Nonmonotone Alternating Direction Algorithm
(NADA), as shown in Algorithm 2.

Algorithm 1 TVAL3

Input: Measurement y, sampling matrix A
Output: Reconstructed result (%)
1: Initialize: 2(©), w(®; 1, 5©) > 0; A =0, ) = 0;

7=21q¢=0
2: repeat
3. (x(qﬂ)’w(qﬂ)) —

argmin £4 (2@, w(@ A@ 1(9)) by NADA

4: A+ — y (@) _ u(q) (Am(qul) —y
s w4 =00 - pOD, et — W)
6: (qul) — /yu(Q)
7. Blatl) = 45
8: q=q—+1
9: umtil ||2(@ — x(@=1)|| < tolerance

The x-subproblem is solved via gradient descent, as L4 is
differentiable with respect to x after variable splitting. The
gradient is computed, and the step size « is estimated using
the Barzilai-Borwein (BB) method [10]. However, since BB
method may lead to divergence in certain cases, TVAL3 intro-
duces a backtracking line search based on the nonmonotone
Armijo condition [11] to ensure convergence. As shown in
algorithm 2, this requires repeated evaluations of the aug-
mented Lagrangian function at each iteration. On the other
hand, the w-subproblem involves a non-differentiable term due
to the ¢1-norm. NADA addresses this challenge by applying the
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Algorithm 2 Nonmonotone Alternating Direction Algorithm

Input: Measurement y, sampling matrix A, Lagrange
multipliers X, v; ;, penalty coefficients 3, u, and initial
0

guess m(o),wm
Output: z(F), WEZ-)
1: Initialize 0 < 6, p,n < 1; CO) = EA(a:(O),w,Eg));
QY =1;k=0
repeat
dF = VzﬁA(:v(k)7W§];))
lz® —z -V}
Q= G0 (- D)T (g _qk—D)
repeat
a = pa
until £,(z® — ad®) < c® — o] d™|2
g+ = &) _ 4 g®)

2:
3
4
5:
6:
7
8
9

EEH) = arg minLA(:c(kH),wg?)
10: Q(’H‘l) — nQ(k‘) + 1
oD = mRWCH+La@ D wiiTY))

QD
12: E=k+1
13: until |2 — £®=1|/|2*~V| < tolerance

subdifferential of the ¢1-norm to derive a closed-form solution.
This update, known as the shrinkage formula, is expressed as
Vij

follows
1
L)
B B (12)

Vi
osgn [ D; ;x — m).
g ( 2] B

This formulation, known as TVALS3, enables efficient and
accurate total variation-based reconstruction within the CS
framework. Despite its effectiveness, TVAL3 exhibits two main
limitations. First, CS flattens a 2D image to a 1D signal,
which substantially increases the size of the sampling matrix
and consequently leads to higher computational complexity
and memory consumption. Second, the incorporation of a
backtracking line search to satisfy the nonmonotone Armijo
condition necessitates repeated evaluations of the augmented
Lagrangian function, thereby introducing significant computa-
tional overhead. These drawbacks motivate the development
of a more efficient alternative, which will be presented in the
next section.

Wi,j = max { ‘DLJ'X —

III. PROPOSED 2D TV-BASED RECONSTRUCTION
ALGORITHM

A. 2D Compressive Sensing

Compressive sensing (CS) models typically operate on vec-
torized signals, requiring the original 2D image to be flattened
into a 1D vector prior to sampling. While effective in theory,
this transformation leads to a large, dense sampling matrix
whose dimensionality scales with the square of the image
size, imposing high computational and memory demands. To
address these limitations, a two-dimensional compressive sens-
ing (2D CS) framework has been proposed, which maintains
the structural integrity of the image and allows sampling to

be performed separably along rows and columns. In the 2D
CS paradigm, the sampling matrix A € R™ %" is decom-
posed into the Kronecker product of two smaller matrices
A; e R™*™ and Ay € R™*"™ ;

y =Ax = (A ® A})x = vec(A; XAT). (13)

This factorization enables the measurement model (1) to be
reformulated as a compact 2D system

Y = A XAT, (14)

where X € R"™ "™ denotes the original 2D image and
Y € R™*"™ js the 2D measurement. This representation not
only preserves the inherent 2D structure of the signal but
also significantly reduces both computational complexity and
memory usage. Specifically, this approach reduces the size
of the sampling matrix from m?n? to 2mn, and lowers the
complexity of the matrix multiplication Ax from O(n*) to

O(n?).

B. 2D Augmented Lagrangian function for TV Minimization

In the 2D compressive sensing (2D CS) framework, total
variation (TV) regularization is extended by evaluating the
image gradient separately along the vertical and horizontal di-
rections. Two auxiliary variables, W and W, are introduced
to represent the vertical and horizontal gradients, computed as
DX and XD”', with D denoting the discrete gradient matrix.

Moreover, the use of 2D CS enables the data fidelity term
to be expressed as A;XAZ instead of the conventional vec-
torized Ax. This change significantly reduces computational
complexity and memory consumption. The overall optimiza-
tion problem is then addressed using an augmented Lagrangian
method. The resulting 2D augmented Lagrangian function is
summarized in (15).

EA(W17W27X7N17N27A) =

[Willy — (N1, DX ~ Wy) + 2 [DX — Wy

(15)
+[Wall — (No, XDT — Wa) + 2 [XDT — W, ?

— (A, AIXAT - Y) + DA XAT - Y|

The variables N7, N9, and A serve as Lagrangian multipliers,
and 3, p are the corresponding penalty coefficients.

C. 2D TVAL3 AdGD

Building upon the 2D augmented Lagrangian formulation
in (15), this work proposes an efficient reconstruction algo-
rithm, termed 2D TVAL3 AdGD, which adopts the alternating
direction method of multipliers (ADMM) to decouple the
optimization into two subproblems: the X-subproblem and
the W-subproblem. To mitigate the computational overhead
required in the x-subproblem of TVAL3, this work replaces
the Barzilai-Borwein (BB) method with an adaptive gradient
descent strategy, referred to as adaptive gradient descent with-
out descent (AdGD) [12][13]. AAGD dynamically adjusts the
step size oy, based on local curvature and ensures convergence
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without requiring line search, thereby avoiding repeated evalu-
ations of the augmented Lagrangian function. The convergence
of AdGD is theoretically guaranteed under the assumption that
the objective function is locally Lipschitz smooth. In other
words, its gradient is Lipschitz continuous in a neighborhood.
In this case, the augmented Lagrangian function £4(X) is
differentiable and consists of linear and quadratic terms in
X. As a result, its gradient is Lipschitz continuous and the
smoothness requirement of AdGD is satisfied. The AdGD
algorithm can be extended to handle 2D matrix variables,
such as images, by applying it directly in matrix form with
Frobenius norms in (16).

Algorithm 3 Adaptive gradient descent without descent

Input: x° € R, 6y =0, ag > 0
1 x =x% — oy Vf(xY)
2. for k=1,2,... do
3 L = IVFGH Vi)

[t =T

4: ak:min{\/l—i—Hk,lak,l, #Lk}
5: xFHl = xF — ), V f(xF)
6: O, = aak
k—1
7. end for

—— 1
k

_IVSRY) - VAR
T XX

Therefore, the X-subproblem can be solved with adaptive
gradient descent method directly in its matrix form.

XFH = XF — ), VF(XF) (17)

V(X" =d® = gDT(DX® - W) - DTNV
+8X®DT - WD - NPD  (13)
+ AT (,u(Alx(’“)AQT ~Y) - A) A,

(16)
Ly Ok

) ak =
Ap—1

In the proposed 2D formulation, the W-subproblem retains
its closed-form shrinkage update, as shown in (19).

lemax{ DX—% —%, 0}
osgn (DX — Nl) ,
5N 1 (19)
W, = max{‘XDT - ?2 -5 0}
osgn <XDT — 1\;2>

The overall algorithm for the proposed 2D TV-based recon-
struction method is summarized in Algorithm 4. The method
iteratively updates X-subproblem and W -subproblem through
ADMM. The X-subproblem is solved using AdGD, which
guarantees convergence without the need for costly backtrack-
ing line search based on the nonmonotone Armijo condition,

as required in TVAL3. The W-subproblem retains its closed-
form shrinkage solution, efficiently enforcing sparsity in the
gradient domain. By leveraging the separable structure of the
sensing matrix via Kronecker products and the efficient AdGD
solver, 2D TVAL3 AdGD achieves substantial improvements
in computational complexity and memory consumption com-
pared to TVAL3.

Algorithm 4 2D TVAL3 AdGD

Input: Measurement Y, sampling matrix A;, Ag
Qutput: Reconstructed result X (@)

1: Initialize X(©, W©); 4,0 30 > 0. N, = 0; v > 1;
q, k=0

2: repeat

3: repeat

4 d® =VxL (X Wk)

5: Set a; through AdGD

6: x*k+D) _ x (k) _ q®)

7: ngﬂ) = arg r‘r}‘i,n EA(X(kH),WEk))
8: k=k+1 '

9. until [X™ — X* V|| < tolerance

10: x (et — X(k), w et — w k)

1 NZ(Q+1) _ Nz('Q) - 6(q)(DX(q+1) . Wl(q-&-l))
12: M(qul) = ,YH(Q)

13: ﬁ((ﬁ‘l) — fyﬂ(Q)

14: g=q+1
15: until || X (@ — X @Y < tolerance

IV. SIMULATION RESULTS

Three test patterns, the original images in Fig. 1, were used
to simulate the performances of the proposed algorithm. The
image resolution is 64 x 64 pixels, and the compression ratio is
40%, i.e., the number of measurements is M = 0.4 x N, where
N is the total number of pixels. In the 2D CS setting, this cor-
responds to a measurement size of 40 x40 pixels. For TV-based
algorithms, TVAL3 samples the image after vectorization using
a large DCT matrix A € RM*N 1In contrast, the proposed
2D TVAL3 AdGD follows a 2D CS framework, applying
separable DCT matrices A1, Ay € R™*™ to directly sample
the image in matrix form. The 2D CS measurement process
is given by Y = A;XAZ. For conventional CS algorithms,
a random Bernoulli matrix is defined as the sampling matrix,
with the DCT matrix as the sparsifying basis. All simulations
were conducted on a desktop computer with a 2.5 GHz
Intel Core i5-12400F CPU, 32 GB of DDR4 memory, and
MATLAB R2022a (64-bit). Figure 1 shows the original and
reconstructed images using different reconstruction algorithms.
Each column shows the original image, followed by the results
obtained using 2D TVAL3 AdGD, TVAL3, AMP, and OMP,
respectively. It can be observed that 2D TVAL3 AdGD yields
visually sharper and less noisy reconstruction results compared
to other methods.

Figure 2 shows the variation of the structural similar-
ity index (SSIM) over iterations. The proposed algorithm
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2D TVAL3 AdGD

Original

SSIM: 0.9479

SSIM: 0.9718

—#— 2D TVAL3 AdGD | 1
—6—TVAL3
e AMP

—f— OMP

0 20 40 60 80 100 120
Number of iterations

Fig. 2: Comparison of SSIM vs iteration.

converges faster and achieves slightly higher SSIM than the
original TVAL3, demonstrating the effectiveness of the 2D
CS framework in preserving spatial structures during sampling
and reconstruction. In contrast, conventional CS algorithms
exhibit significantly lower reconstruction quality than TV-
based methods. Figure 3 presents SSIM performance over
the elapsed time. Benefiting from separable 2D operators and
an adaptive gradient descent strategy that avoids the costly
non-monotone line search, the proposed algorithm converges
much faster in the elapsed time, reaching high SSIM values
almost instantaneously. TVAL3, while effective, requires a
longer runtime to attain similar reconstruction quality. These

SSIM: 0.9453

SSIM: 0.9068

b b b |
] ] [ |

SSIM: 0.9322

SSIM: 0.6586
Fig. 1: Image reconstruction results of different algorithms.

SSIM: 0.5692

021 —#— 2D TVAL3 AdGD | 4
—6—TVAL3
0.1 —h— AmMP
4 —o—omp
0 . . . . : :
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7
Elapsed time (s)

Fig. 3: Comparison of SSIM vs elapsed time.

results demonstrate the efficiency of the proposed algorithm in
terms of convergence speed. In summary, the average SSIM
and elapsed time of 2D TVAL3 AdGD are 0.9656 and 0.016 s,
respectively, with 101 iterations averaged over the test patterns.

Table I summarizes the total number of multiply-accumulate
(MAC) operations required per iteration for TVAL3 and 2D
TVAL3 AdGD algorithm. We can observe that TVAL3 incurs
a significantly higher computational load due to the use of
a large-scale sensing matrix A € R™*xn* and repeated
evaluations of the augmented Lagrangian function required by
the backtracking line search. In contrast, 2D TVAL3 AdGD
reformulates the reconstruction problem under a 2D CS frame-
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TABLE I: MAC operation comparison

Algorithm
TVAL3
2D TVAL3 AdGD

MAC Operations per Iteration
6m?2n? + 46n2 + 11m?2
4mn? 4 4m?3n + 26n2 + 3m?

TABLE II: Memory usage comparison

Algorithm
TVAL3
2D TVAL3 AdGD

Memory Usage
m2n? + 48n2 4+ 9m?
2mn + 32n? + 2m?

-

10°

TVAL3
2D TVAL3 AdGD

Total MACs per iteration
=)
%

50 T I I I I I

n 00 10 20 30 40 50 60 70

Fig. 4: Comparison of MAC operations per iteration.

work, reducing the dimension of matrix multiplications. Fur-
thermore, by employing AdGD, the algorithm avoids repeated
evaluations of the augmented Lagrangian function. As shown
in Table II, 2D TVAL3 AdGD additionally offers considerable
memory savings. The memory savings primarily stem from the
2D CS framework, which reduces the size of the sensing matrix
from O(m?n?) to O(mn). Additionally, the simplified update
rules in AdGD reduce the need to store intermediate terms
involved in the augmented Lagrangian evaluation. Figure 4
further illustrates the computational savings by comparing
the number of MAC operations per iteration under varying
problem sizes. The proposed method consistently achieves at
least one order of magnitude reduction in MAC complexity,
especially when the image size n increases, demonstrating its
scalability and computational efficiency.

V. CONCLUSION

This paper presents a total variation-based image reconstruc-
tion algorithm that leverages a 2D compressive sensing (CS)
model and an adaptive gradient descent strategy. The proposed
2D TVAL3 AdGD significantly reduces computational com-
plexity and memory usage. Compared with existing methods,
experimental results confirm that the proposed 2D TVAL3
AdGD algorithm achieves better reconstruction quality than
TVAL3, outperforms other conventional compressive sensing
algorithms in terms of SSIM, and delivers approximately 21x
faster convergence speed than TVAL3, validating its effec-
tiveness and efficiency in practice. In summary, 2D TVAL3
AdGD offers a low-complexity, high-accuracy solution for

image reconstruction, making it well-suited for large-scale and
embedded imaging applications.
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