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Abstract—Accurate secondary path modeling is 

critical for the stability and effectiveness of active noise 

control systems. While offline secondary path modeling 

yields precise estimates before system control, it fails to 

accommodate time-varying environments. Online methods 

utilizing auxiliary noise enhance adaptability but inevitably 

increase residual noise. Neural network-based approaches 

offer data-driven alternatives; however, they demand 

substantial computational resources and prior training. 

Building upon prior single-channel work, this paper 

proposes a frequency-domain online modeling algorithm 

for multiple secondary paths without auxiliary noise. 

Theoretical analysis confirms the uniqueness of the 

modeling paths and control filters, and the frequency-

domain processing substantially reduces computational 

complexity compared to the existing online modeling 

algorithm. Simulations in a multichannel ANC system 

demonstrate that the proposed algorithm achieves fast 

convergence and superior tracking performance under 

acoustic path variations, demonstrating its suitability for 

real-time applications in dynamic scenarios.  

I. INTRODUCTION 

Active noise control (ANC) effectively mitigates low-

frequency noise by generating anti-noise signals that 

destructively interfere with the primary noise [1, 2]. The 

effectiveness and stability of ANC systems, especially in 

feedforward multichannel configurations, heavily rely on the 

accurate modeling of the secondary path—the acoustic transfer 

function from the secondary source to the error microphone [3]. 

Traditionally, this modeling is performed offline prior to the 

control process. However, fixed models fail to cope with time-

varying acoustic environments induced by temperature shifts, 

physical movements, or structural changes [4]. This 

necessitates online secondary path modeling, enabling the 

simultaneous execution of secondary path estimation and ANC. 

A classical approach for online secondary path modeling 

is to inject low-level auxiliary noise into the control signal to 

continuously identify the secondary path [5-7]. However, this 

injected noise inevitably adds to the residual error and can 

deteriorate the noise reduction performance. Moreover, in 

multichannel systems with multiple paths to model, the 

cumulative effect of auxiliary noise becomes more pronounced 

[8]. 

In parallel, neural network-based approaches have also 

been investigated for secondary path modeling due to their 

strong nonlinear mapping capability [4]. Deep neural networks 

demonstrate promise in modeling complex and time-varying 

acoustic responses [4, 9]. However, these methods often require 

extensive offline training, large datasets, and significant 

computational resources, limiting their practicality in real-time 

ANC applications. 

Recent efforts have explored auxiliary-noise-free 

approaches that reuse the control signal as the excitation for 

modeling. These methods exploit the inherent excitation in the 

control signal to estimate the secondary path adaptively, 

thereby eliminating the need for additional noise [10]. For 

example, Hu et al. proposed an online time-domain modeling 

approach for multichannel ANC without auxiliary noise, 

achieving stable convergence under moderate dynamics [11]. 

However, it entails high computational complexity and lacks 

explicit analysis of the convergence behavior of the control 

filters.  

Frequency-domain implementations significantly reduce 

computational complexity by leveraging fast Fourier transform 

(FFT) and block processing technique [12, 13]. In this paper, a 

frequency-domain online modeling algorithm is proposed for 

multiple secondary paths without auxiliary noise, which is 

named as frequency-domain synchronous control and modeling 

(FDSCM) algorithm. The algorithm updates the control and 

path modeling filters based on frequency-domain filtered-

reference normalized least mean square (FDFxNLMS) 

algorithm to alleviate computational burden and accelerate the 

convergence speed. Theoretical analysis proves the uniqueness 

of the modeling paths and control filters, and simulations 

validate the algorithm’s performance in terms of faster 

convergence, lower computational cost, and enhanced tracking 
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capability in a 1 × 2 × 2 multichannel ANC system.  

II. ONLINE MODELING OF MULTIPLE SECONDARY PATHS 

WITHOUT AUXILIARY NOISE  

The 1 × C × M online secondary path modeling ANC 

system integrates one reference signal, C control signals 

emitted by secondary sources, and M error signals captured by 

the error microphones. The lengths of the control filters, 

secondary paths and primary paths are denoted as I, J and K, 

respectively. By leveraging control filter outputs for secondary 

path estimation, this multichannel architecture enables 

concurrent path identification and noise cancellation. The 

modeling process with respect to the m-th error microphone at 

time n is illustrated in Fig. 1.  
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Fig.1. The modeling process with respect to the m-th error 

microphone. 

 

Reference signal x(n) propagates through the m-th primary 

path vector pm = [pm,0 pm,1 ··· pm,K-1]T, producing the desired 

signal dm(n): 

 T( ) ( ) ( )m m md n n v n= +pp x , (1) 

where the superscript T signifies the transpose operation, xp(n) 

= [x(n) x(n − 1) ··· x(n – K + 1)]T is the reference signal vector 

for primary paths, and vm(n) represents the uncorrelated system 

noise. Simultaneously, the c-th control signal is generated by 

filtering the reference signal through the control filter vector wc 

= [wc,0 wc,1 ··· wc,I-1]T: 

 T( ) ( )c cy n n= ww x , (2) 

where xw(n) = [x(n) x(n − 1) ··· x(n – I + 1)]T denotes the 

reference signal vector for control filters. Subsequently, these 

control signals traverse the secondary paths and destructively 

interfere with the desired signal dm(n) at the m-th error 

microphone, yielding the error signal: 
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where smc = [smc,0 smc,1 ··· smc,J-1]T denotes the secondary path 

vector from the c-th secondary source to the m-th error 

microphone, and yc(n) = [yc(n) yc(n − 1) ··· yc(n – J + 1)]T is the 

c-th control signal vector. Replacing (2) in (3) yields 

 T( ) ( ) ( )m m me n d n n= + s U w , (4) 
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 with 0a  b denoting 

an a  b zero matrix. The reference signal matrix U(n) is given 

by 
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Defining the primary and secondary path modeling filters  

as T
,0 , 1ˆ ˆ ˆ[   ]m m m Kp p −=p  and T

,0 , 1ˆ ˆ ˆ[   ]mc mc mc Js s −=s , the 

estimated desired signal can be expressed similarly to (1) as 

 
Tˆ ˆ( ) ( )m md n n= pp x , (6) 

while the estimated error signal can be expressed similarly to 

(4) as 

 
Tˆ ˆˆ ( ) ( ) ( )m m me n d n n= + s U w . (7) 

Subtracting (7) from (4) results in the modeling error signal: 

 T T T Tˆ ˆ( ) ( ) ( ) ( ) ( ) ( )m m m m m mr n n n v n= − + −pp p x s s U w + . (8) 

III. FREQUENCY-DOMAIN SYNCHRONOUS CONTROL AND 

MODELING ALGORITHM 

A. Frequency-domain Implementation 

In this paper, the control filters and acoustic path modeling 

filters are updated in the frequency domain based on the 

normalized least mean square algorithm, as illustrated in Fig. 2. 

The 50% overlap-save method is employed [1, 12], where the 

lengths of the control filter (I), the secondary path modeling 

filter (J) and the primary path modeling filter (K) are all set 

equal to the block length L, i.e., I = J = K = L, to facilitate 

efficient implementation for the 2L-point FFT.  
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Fig. 2. The block diagrams for updating (a) the control filter 

and (b) the acoustic path modeling filter. 

 

At the k-th iteration, the latest block of the reference signal 

is padded with the previous block to form a 2L-tap vector: x(k) 

= [x(kL − L) ··· x(kL − 1) x(kL) ··· x(kL + L − 1)]T. With F and 

F−1 denoting the discrete Fourier transform (DFT) matrix and 

inverse DFT matrix [12, 14], the corresponding frequency-

domain block can be described as 

 2 2( ) { ( )} L Lk diag k = X Fx , (9) 

where { }diag  constructs a diagonal matrix from its input 

along the diagonal [15]. Subsequently, the filtered-reference 

signal block is represented as 

 ˆ( ) { ( ) ( )}mc mck diag k k=X X S , (10) 

where 
T T

1
ˆ ˆ( ) [ ( ), ]mc mc Lk k =S F s 0  is the frequency-domain 

response of the mc-th secondary path modeling filter at the k-th 

iteration. 

After padding the new error signal block em(k) = [em(kL) 

em(kL + 1) ··· em(kL + L − 1)]T with a block of zeros, the 

frequency-domain error signal vector Ew(k) is calculated as 

 T T T

1 1( ) [ ( )] ( )m L m L mk k k= =E F 0  e FQ e , (11) 

with QL1 = [0L  L IL]. Based on FDFxNLMS algorithm, the 

update equation of the c-th control filter is expressed as [16]: 
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where μw is the step size of the control filter, the superscript H 

is the conjugate transpose and Q1L = [IL 0L  L]. 

H 1

1
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M

c
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m
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Γ X X  represents the reciprocal of the 

filtered-reference signal power spectrum to accelerate the 

convergence [13]. 

As illustrated in Fig. 2(b), the update equations of the 

secondary and primary path modeling filters can be derived in 

a similar form to (12): 
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where μs and μp are the step sizes of the secondary and primary 

path modeling filters, respectively. 
T T T

1 1( ) [ ( )] ( )m L m L mk k k= =R F 0  r FQ r  is the frequency-domain 

modeling error signal vector with rm(k) = [rm(kL) rm(kL + 1) ··· 

rm(kL + L − 1)]T. The normalized factors in (13) are calculated 

as 
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where ( ) { ( )}c ck diag k=Y Fy and yc(k) = [yc(kL − L) ··· yc(kL 

− 1) yc(kL) ··· yc (kL + L − 1)]T. 

B. Convergence Analysis 

To facilitate a unified representation of the reference 

signals in (8), a consolidated reference signal vector is defined 

as x(n) = [x(n) x(n − 1) ··· x(n – G + 1)]T, where G ≥ max(I + J 

– 1, K). Substituting this vector into (8) yields 

 T T T T
1 2ˆ ˆ( ) ( ) ( ) ( ) ( ) ( )m m m m m mr n n n v n= − + −p p A x s s WA x + , (15) 

where ( )1 [  ]K K G K
K G

 −
= A I 0  with Ig representing g  g 

identity matrix, and ( )
( 1)

2 1 ( 1) 1[  ] GI J
I J I J G I J

+ −
+ − + − 


− − += A I 0 . 

( )
1

1T T T[   ]
CJ I J

C

 + −
= W W W  and 

 

,0 ,1 , 1

,0 ,1 , 1

,0 ,1 , 1

1

0 0

0

0 0

0 0

c c c I

c c c I

c

c c c I

I J

w w w

w w w

w w w

−

−

−

−

 
 
 
 =
 
 
 
  

W . (16) 

Subsequently, the mean square error (MSE) [8] of (15) is 

derived as 

 2 T T 2{ ( )} { ( ) ( )} mm m m vr n n n = = +θ x x θ , (17) 

where { }  is the expectation operator, 2 2{ ( )}mv mv n = and 

 T T T

1 2
ˆ ˆ( ) ( )m m m m m= − + −θ A p p A W s s . (18) 

As long as the control filter coefficients are none-zero and time-

varying, Eq. (18) admits unique solutions for the modeling 

filters, specifically ˆ
m m=p p  and ˆ

m m=s s  [10, 11]. 

For control filters, the circular matrices can be 

diagonalized by DFT matrices [15] as 
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Substituting (19) and (20) into (12) yields 
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with 
1 2 2 1( ) ( ) ( )mc c mc c mck k k= +

w w w w w
Ω Ψ Φ Ψ Φ . If the steady-state 

solution of the c-th control filter is 
c


w , the weight-error vector 

can be defined as 

 ( ) ( )c c ck k= −w w w , (22) 

and the desired signal block dm(k) = [dm(kL) dm(kL + 1) ··· dm(kL 

+ L − 1)]T can be obtained as 
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with vm(k) = [vm(kL) vm(kL + 1) ··· vm(kL + L − 1)]T. Substituting 

(22) into (21) yields 
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Rewriting em(k) as 
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and substituting (23) and (25) into (24) yields 
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Two assumptions are adopted for the mathematical 

tractability: (A1) All signals are zero-mean stationary processes 

with continuous spectra, and the system noise is i.i.d. and 

uncorrelated with the reference signals; (A2) The reference 

signals and the control filters are independent of each other. 

Taking expectation of both sides of (26) results in 
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Defining the global weight-error expectation vector as 
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. The convergence of the 

control filters is guaranteed as long as the step size satisfies 

( ) 1CL − wI Λ , where ( )  is the spectral radius [8].  

IV. SIMULATION VALIDATION 

A. Computational Complexity and System Configuration 

Table I presents the average number of multiplications per 

sample for the control filter, secondary path modeling filter, 

and primary path modeling filter across both time and 

frequency domains in the FDSCM algorithm. 

 

TABLE Ⅰ. The average number of multiplications per sample 

for FDSCM algorithm. 

 Time domain Frequency domain 

Control filter CR(L + 1) 
CR(20M + 4) + 2(CR + 

M + R)log2(2L) 

Secondary path 

modeling filter 
MC(L + 1) 

C(ML + 12M + 4) + 

2(MC + M + C)log2(2L) 

Primary path 

modeling filter 
MR(L + 1) 

R(ML + 12M + 4) + 

2MRlog2(2L) 

A 1 × 2 × 2 multichannel ANC system was established in 

a medium-sized meeting room with dimensions of 7.7 m × 5.7 

m × 3.3 m. The overall experimental configuration is illustrated 

in Fig. 3. Initially, microphones 1 and 2 capture the error signals 

(defined as scenario 1), while microphones 3 and 4 simulate an 

abrupt change in the system, leading to variations in both the 

primary and secondary paths (defined as scenario 2). 

Subsequent simulations involve setting each filter length to I = 

J = K = 512 and the FFT length to 2L = 1024. In this case, the 

FDSCM algorithm requires an average of 7,628 multiplications 

per sample, whereas the Hu’s algorithm [11] necessitates 

6,308,872. The computational burden of the FDSCM algorithm 

incurs only 0.12% of that of the Hu’s algorithm, indicating a 

substantial reduction in computational burden. 

Primary 
sourceSecondary 
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Secondary 
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Microphone 2 Microphone 1

Microphone 4 Microphone 3

40 cm
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120 cm 120 cm

Primary source Secondary source  Error microphone
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80 cm
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(b) 

Fig. 3. System configuration with (a) front view photo and (b) 

side view schematic diagram. 
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B. Modeling and Control Results with Measured Acoustic 

Paths 

The secondary and primary paths are measured using the 

finite impulse response (FIR) filters at a sampling rate of 2 kHz. 

The reference signal is an AR(1) process with coefficients (1, 

−0.8). Uncorrelated system noise with a signal-to-noise ratio 

(SNR) of 45 dB is introduced at the error microphones to 

simulate a practical environment. The first and last coefficients 

of the control filters are initialized as 0.1, while the others are 

set to zeros. The coefficients of the path modeling filters are 

initialized as all zeros. Optimal step sizes determined through a 

trial-and-error approach are employed in the TDNFxLMS 

algorithm (without path modeling) [8], the Hu’s algorithm [11] 

and the FDSCM algorithm, ensuring the best convergence 

performance. Define the normalized mean square deviation 

(NMSD) of the modeling secondary and primary paths as  
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 (29) 

to evaluate the modeling accuracy.  

Under scenario 1, the modeling results for the secondary 

and primary paths, illustrated in Fig. 4, demonstrate sufficient 

accuracy, characterized by low NMSDs and NMSDp values of 

−44.1 dB and −43.8 dB, respectively. 

 

(a)                      (b) 

 

(c)                      (d) 

Fig. 4. Modeling results for (a) the coefficients and (b) 

NMSDs of secondary paths, and (c) the coefficients and (d) 

NMSDp of primary paths under scenario 1. 

 

Fig. 5 depicts the average sound pressure level (SPL) 

curves for microphones 1 and 2 employing the TDNFxLMS 

algorithm, the Hu’s algorithm and the FDSCM algorithm, 

together with Wiener solution [17] for comparison. Due to its 

employment of exact secondary paths, the TDNFxLMS 

algorithm demonstrates a faster convergence speed compared 

to Hu’s algorithm and FDSCM algorithm, both of which 

necessitate path modeling. The FDSCM algorithm updates the 

filter block-wise, leading to slightly slower early-stage 

convergence compared to Hu’s point-wise approach. However, 

the frequency-domain step-size normalizations in (12) and 

(13) significantly accelerate the convergence rate of the 

FDSCM algorithm, enabling it to achieve the Wiener solution 

in approximately 25 s. 

 

Fig. 5. Average SPL curves under scenario 1. 

 

To simulate a dynamic acoustic environment, 

microphones 1 and 2 (scenario 1) are switched to microphones 

3 and 4 (scenario 2) at 40 s. Fig. 6 presents the modeling results 

following the transition to scenario 2, reporting NMSDs and 

NMSDp values of −42.9 dB and −41.8 dB, respectively, 

demonstrating that FDSCM algorithm effectively tracks system 

variations. 

 

(a)                      (b) 

 

(c)                      (d) 

Fig. 6. Modeling results for (a) the coefficients and (b) 

NMSDs of secondary paths, and (c) the coefficients and (d) 

NMSDp of primary paths under scenario 2. 
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Under dynamic conditions, the average SPL curves for the 

three algorithms are presented in Fig. 7. The initial 40 s 

correspond to the average SPL at microphones 1 and 2, while 

the subsequent period from 40 to 100 s pertains to microphones 

3 and 4. The TDNFxLMS algorithm, lacking path modeling 

capabilities, diverges rapidly after the abrupt path change. In 

contrast, the FDSCM algorithm achieves the fastest 

convergence to the Wiener solution at approximately 80 s, 

while maintaining significantly lower computational 

complexity compared to the Hu’s algorithm. 

 

Fig. 7. Average SPL curves under dynamic conditions 

transitioning from scenario 1 to scenario 2. 
 

V. CONCLUSIONS 

This paper presents an efficient frequency-domain online 

modeling of multiple secondary paths without auxiliary noise 

for ANC. The control process of the algorithm is synchronized 

with the modeling process of the secondary and primary paths. 

All the filters are updated in frequency domain to alleviate 

computational burden, and normalized step sizes are employed 

to accelerate the convergence speed. Simulations under steady 

and dynamic conditions confirm its fast convergence speed and 

robustness, rendering it suitable for real-time multichannel 

ANC applications with time-varying acoustic environments. 
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