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Abstract—The growing need for robust signal processing in
non-Gaussian environments has become critical across multiple
application domains, particularly in communication channel
equalization, signal enhancement, and state estimation systems.
This work proposes a novel sparse kernel learning method
that integrates maximum generalized Student’s t-kernel mixture
correntropy regression with vector projection mechanism. More
specifically, a kernel adaptive filtering algorithm, named GS-
tKMCR, is proposed. This algorithm employs the generalized
Student’s t kernel mixture correntropy as the optimality criterion
to effectively extract signal features from noise-contaminated
data. Furthermore, to regulate the expansion of network size
and mitigate the average computational complexity, a vector
projection-based sparsification strategy is employed which dy-
namically prunes redundant bases during the recursive update
process. Experimental results demonstrate that the proposed
algorithm exhibits excellent performance in handling signals
contaminated with non-Gaussian noise, outperforming four state-
of-the-art kernel adaptive filtering algorithms.

I. INTRODUCTION

Kernel Adaptive Filtering (KAF) is a technique that com-
bines kernel methods with adaptive signal processing, widely
used in complex signal processing scenarios under nonlinear
and non-stationary environments[1]. With the rapid advance-
ment of artificial intelligence and Internet of Things technolo-
gies, its advantages in high-dimensional data modeling have
become increasingly prominent. This technique maps original
data to a high-dimensional reproducing kernel Hilbert space
using kernel functions, transforming nonlinear separable prob-
lems into linearly solvable ones. Typical applications include
channel equalization and noise suppression in communication
systems [2–4], speech enhancement [5], biomedical signal
processing [6], financial time series prediction [7], and real-
time signal optimization in intelligent sensor networks[8].
Compared to traditional linear filtering methods, KAF sig-
nificantly enhances robustness and generalization in complex
environments, making it a core tool for analyzing nonlinear
dynamic systems in the era of big data.

In adaptive filtering, the second-order similarity measure in
the data space is a viable measurement method in Gaussian
noise environment, such as the mean square error (MSE)[9],
affine projection[10] and least squares method[11]. However,
the performance of kernel adaptive filtering algorithm using
second-order metric is significantly degraded in non-Gaussian
noise denoising[12]. In order to solve these problems, the non-
second-order similarity measure method is proposed, such as

mean p-power[13]. However, in general, the MPE criterion
is still not able to provide the desired filtering performance
under the impulsive noise. In recent years, nonlinear metric
methods based on reproducing kernel Hilbert space (RKHS)
have become a hot research topic[14]. As representatives of
information theory, correntropic loss (C-loss)[15] and general-
ized correntropic loss[16] utilize the higher-order statistics of
the data to derive some robust adaptive filtering methods under
impulsive noise. On the downside, the non-convexity of the
correntropic loss leads to its poor convergence performance. So
as to enhance the robustness and accuracy, maximum mixture
correntropy (MMC) is developed because of its better surface
performance in the RKHS[17].

In general, the Gaussian function is choosing as the kernel
function in MMC. Nevertheless, the Gaussian kernel function
cannot exhibit the optimal performance sometimes, especially
when it comes to the situation where large outliers and noise
with multimodality distribution exist. To handle this problem,
we utilize the generalized Student’s t kernel [18] to release
the power of non-quadratic cost function. And a new KAF
algorithm is derived under maximum generalized Student’s t-
kernel mixture correntropy regression in this paper. It’s worth
noting that the size of the algorithm network will grow linearly
as the input data continues to increase, eventually resulting in
huge computation and storage overhead.

Various sparsification criteria have been proposed to control
the growth of network size, including the quantization method
[19–22], approximate linear dependency [23], and surprise
criterion [24]. However, these approaches suffer from certain
limitations, such as high computational cost or difficulty in
determining appropriate thresholds. To overcome these draw-
backs, this paper introduces an innovative online sparsification
method called Vector Projection [25]. By leveraging discarded
data to correct the dictionary and fully utilizing the information
from data outside the dictionary, this method enables effective
data sparsification.

To summarize the key contributions of this paper, we
propose the maximum generalized Student’s t kernel mixture
correntropy regression and derive an optimal solution. More-
over, by incorporating the vector projection method, we devise
a novel sparse KAF algorithm that enables efficient updates
of solutions. The effectiveness of the proposed algorithm is
validated through simulations on nonlinear channel equaliza-
tion, which underscore its superior performance compared to
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existing methods.

II. MAIN RESULTS

A. Generalized Student’s t Kernel Function

The generalized Student’s t-distribution encompasses both
the exponential power distribution and the Student’s t-
distribution as specific instances, with mathematical expres-
sions that can be represented by:

f (x) = K(v, β)

(
1 +

|x|β
v

)− v+1
β

−∞ < x < +∞ (1)

with

K(v, β) =
β

2v
1
β B( vβ ,

1
β )

(2)

B(a, b) =

∫ 1

0

ta−1(1− t)b−1 dt (3)

in which v, β > 0.
Thanks to the additional flexibility of shape parameter v and

β, the generalized Student’s t-distribution function is able to
capture various shapes at the peak and tail of the distribution.
This property of generalized Student’s t-distribution makes it
more flexible to express more information in comparison with
the Gaussian distribution. When β = 2, the standard Student’s
t-distribution is achieved. As the degrees of freedom v increase,
the distribution curve of (1) becomes progressively flatter. In
the limit as v → +∞, the function (1) converges to a Gaussian
distribution. Inversely, as v → 0, the function (1) approaches
the Dirac delta function.

Based on Mercer’s kernel theorem, the generalized Student’s
t kernel can be derived as:

κGSt (X,Y ) =

(
1

v

( ||X − Y ||2
σ2

) β
2

+ 1

)− v+1
β

(4)

in which σ > 0 means the kernel bandwidth. v and β are the
shape parameters.

B. Generalized Student’s t Kernel Mixture Correntropy

As a non-quadratic statistical measure, the correntropy is
powerful to dig up more information contained in the original
datasets. Given two random variables V and M , the mathe-
matical form of correntropy can be expressed as:

S(V,W ) = E [κ (V −W )]

= E [⟨φ(V ),φ(W )⟩F] .
(5)

The Mercer kernel, denoted as κ(·), plays a crucial role in
the formulation of the proposed approach. Additionally, the
expectation operator E[·] is employed to derive the empirical
correntropy. To approximate this correntropy, a sample estima-
tor is utilized, which can be expressed as:

ŜN =
1

N

N∑

i=1

κ(xi − yi). (6)

Based on the weighted mixture of two kernels, the mixture
correntropy can be build as:

M (X,Y ) = E [ακ1(e) + (1− α)κ2(e)] (7)

in which κ1, κ2 are two different kernels. 0 ≤ α ≤ 1 is the
weight of kernel. The mixture correntropy is the extension
of typical correntropy (5). With appropriate coefficients, the
mixture correntropy has better learning performance compared
to the original correntropy [17].

Based on (4) , the generalized Student’s t kernel mixture
correntropy is defined as follows:

MGStKAF (X,Y ) = E [ακGSt1(e) + (1− α)κGSt2(e)] (8)

Notice that MGStKAF (X,Y ) is positive and bounded: 0 ≤
MGStKAF (X,Y ) ≤ 1. When X = Y , MGStKAF (X,Y ) =
1.

Let X = [m,n]T ,Y = [0, 0]T , σ1 = 2, v1 = 1, β1 =
1.8, σ2 = 5, v2 = 5, β2 = 1.8, α = 0.5. The surface
of MGStKAF (X,Y ) is shown in Fig. 1. The gradient of
MGStKAF (X,Y ) increases with the distance of the two
random variables initially increasing, which is conducive to the
convergence of learning process. As the distance continues to
increase, the gradient decreases. By utilizing this property, the
fluctuation of learning performance caused by large outliers
can be effectively suppressed.
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Fig. 1. Surface of the MGStKAF

C. Maximum Generalized Student’s t Kernel Mixture Corren-
tropy Regression

Consider the problem of maximum generalized Student’s t
kernel mixture correntropy regression, which involves finding
a continuous mapping function f : U → R based on a
sequence of training-target data pairs {u (j) , d (j)}nj=1. Here,
u (j) ∈ U ⊂ Rk×1 represents a k-dimensional input vector,
while d (j) ∈ R denotes the corresponding desired output. To
facilitate this process, we utilize a high-dimensional feature
space H that serves as a RKHS. By leveraging the kernel
method, we can efficiently search for the optimal function f
within this feature space H.
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f (u (j)) = wT
i φj (9)

Here, wi ∈ H represents the output weight vector at the i-th
iteration, and φj = κ(u(j), ·) denotes the kernel mapping in
the space H.

The optimal solution for wi can be obtained by maximizing
the generalized Student’s t kernel mixture correntropy:

max
wi

M (wi) =
i∑

j=1

[ακGSt1(ei,j) + (1− α)κGSt2(ei,j)]

(10)

− λ

2
∥wi∥2H

in which κGSt (·) denotes the kernel function, ei,j = d(j) −
f (u (j)) = d(j) −wT

i φj ,λ > 0 and λ
2 ∥wi∥2 is the regular-

ization term.
By taking the derivative of the cost function (10) with

respect to the output weight vector wi and setting it to zero,
we can get the following solution:

∂M (wi)

∂wi
= 0 ⇒

wi = [λIi +ΦiSiΦ
T
i ]

−1ΦiDi (11)

with




Φi = (φ(D1),φ(D2), ...,φ(DL))

Si = diag[s1, s2, ..., si]

Di = Si(d1, d2, ..., di)
T

sj = α 2(v1+1)

β1v1σ
β1
1

κGSt1(eij)
β1

v1+1+1

+(1− α) 2(v2+1)

β2v2σ
β2
2

κGSt2(eij)
β2

v2+1+1

(12)

where Ii is an i × i identity matrix, Φi means the mapping
vector matrix in H. (D1,D2, ...,DL) denotes the data stored
in the dictionary. (d1, d2, ..., di)

T is a column vector of the
desired output.

It is possible to re-express (11) as:

wi = Φiλ
−1
(
Di − SiΦ

T
i wi

)
= ΦiΩi (13)

In (13), wi is expressed as a linear combination of the
training matrix Φi and the weight vector Ωi. Therefore, one
can obtain

Ωi = λ−1
(
Di − SiΦ

T
i wi

)

= λ−1
(
Di − SiΦ

T
i ΦiΩi

)

= (λIi + SiΦ
T
i Φi)

−1Di

= (λIi + SiKi)
−1Di

(14)

where Ki =< φj ,φk >F, j, k ∈ [D1,D2, ...,DL].

����

� 

 

Fig. 2. (a) The judger of VP criterion (b) The principle of vector projection

D. Vector Projection Method

In order to reduce the computational and storage volume
of calculating Φi and Ωi, the vector projection method is
utilized to derive the recursive process. The main idea of vector
projection is shown in Fig. 2. Let φ(u) be a mapping vector
of the input u. φ(u) will enter into one of two different stage
(e.g. Remain-Stage or Change-Stage) under the supervision
of a judger. The Remain-Stage is to keep the dictionary size
constant and change the corresponding existing elements in
the dictionary by the vector projection operation, while the
Change-Stage is to expand the dictionary size and absorb the
new elements into the dictionary. Specifically, we define an
evaluation variable to measure the value of the input data:

cos (φ (u) , φ (D)) =
⟨φ (u) , φ (Dj∗)⟩F

∥φ (u) ∥F∥φ (Dj∗) ∥F
(15)

where D is the dictionary with L elements,

j∗ = arg max
1≤j≤L

cos (φ (u) , φ (Dj))

and Dj∗ is the j∗th member of D.
When cos(φ(u), φ(D)) ≥ εc, the dictionary is updated by:

PR(φ(u)) =
κ(u,Dj∗)

∥φ(Dj∗)∥2F
φ(Dj∗) (16)

while the dictionary size remains the same. Otherwise, the
dictionary is extended by absorbing new element:

PC(φ(u)) = φ(u) (17)

Herein, εc is a judge threshold that determines whether an
element should enter the dictionary or not.

E. The Proposed Algorithm

Let Qi = (λIi + SiKi)
−1. Utilizing the vector projection

technique, we formulate the data dictionary for the iterative
algorithm in two distinct scenarios:

1) Scenario 1: cos(φ(u), φ(D)) ≥ εc.
In this case, we have Di = Di−1 and Qi = Qi−1

a. φ(u(i)) is incorporated into the j∗th group by vector
projection, where j∗ = argmax1≤j≤L cos(φ(ui), φ(Dij)).
Then, the we have

{
Si = Si−1 + a2j∗iSj∗iJ j∗J

T
j∗

Di = Di−1 + aj∗iSj∗idiJ j∗
(18)
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where Sj∗i = ακGSt1(di − aj∗iw
Tφ(Dij∗)) + (1 −

α)κGSt2(di−aj∗iw
Tφ(Dij∗)); aj∗i = α

κGSt1
(ui,Dij∗ )

∥φ(Dij∗ )∥2
F

+(1−
α)

κGSt2
(ui,Dij∗ )

∥φ(Dij∗ )∥2
F

; and J j∗ is a column vector of L indices,
with the j∗th element being 1 and all other elements being
zero. Utilizing (18), the matrix Q can be obtained through the
following derivation:

Qi = [Q−1
i−1 + a2j∗iS

j∗i
σ,vJ j∗J

T
j∗Ki−1]

−1

= Qi−1 −
Qi−1(j

∗)Ki−1(j
∗)TQi−1

(a2j∗iSj∗i)−1 +Ki−1(j∗)TQi−1(j
∗)

(19)

The j∗th columns of Qi−1 and Ki−1 are represented by
Qi−1(j

∗) and Ki−1(j
∗), respectively. Furthermore, one can

update the vector Ωi in (13) as

Ωi = Ωi−1 +
(a−1

j∗idi −Ki−1(j
∗)TΩi−1)Qi−1(j

∗)

(a2j∗iSj∗i)−1 +Ki−1(j∗)TQi−1(j
∗)

(20)

2) Scenario 2: cos(φ(u), φ(D)) < εc.
The dictionary is expanded in this case where Di =

{Di−1,ui}, Φi = [Φi−1, φ(ui)]. Meanwhile,

Si =

[
Si−1 0
0T si

]
,Ki =

[
Ki−1 hi

hT
i κii

]
, (21)

where hi = ΦT
i−1φi. Furthermore, we have

Qi =

[
Qi−1 + r̂−1

i siẑB̂ik̂
T

i −r̂−1
i ẑB̂i

−r̂−1
i sik̂

T

i r̂−1
i

]
, (22)

with 



ẑB̂i = Qi−1Si−1hi,

k̂i = QT
i−1hi,

r̂−1
i = κiisi + λ− sih

T
i ẑB̂i.

(23)

Moreover, Substituting (21), (22) and Di =
[(Di−1)

T , sidi]
T to (14), we have

Ωi =

[
Ωi−1 − r̂−1

i siẑB̂i(di − hT
i Ωi−1)

r̂−1
i si(di − hT

i Ωi−1)

]
, (24)

In conclusion, the kernel adaptive filtering algorithm named
GS-tKMCR has been derived and summarized in Table
Algorithm1. It has been observed that the overall com-
putational complexity of the proposed algorithm is O(L2),
where L represents the size of the dictionary. In comparison
to the non-sparse recursive algorithm, the proposed algorithm
exhibits significantly improved computational efficiency when
L ≪ i.

III. EXPERIMENTAL RESULTS

A. Experimental Settings

In this section, the proposed algorithm is utilized to address
a nonlinear channel equalization problem. This problem is
characterized by a nonlinear channel model that consists of a
linear filter combined with a memoryless nonlinear component.
More specifically, the input to the nonlinear channel is a binary
signal represented as {s(1), s(2), ..., s(N)}, which is distorted
by α-stable noise. The resulting received signal is indicated

Algorithm 1: GS-tKMCR
Initialization:

covariance σ1, σ2 > 0, β1, β2 > 0, v1, v2 > 0
regularization factor γ > 0,
threshold 0 < εc < 1,
mixture coefficient 0 ≤ α ≤ 1

Estimate:
L = 1, D1 = {u1},
s1 = α 2(v1+1)

β1v1σ
β1
1

κGSt1(e1)
β1

v1+1+1

+(1− α) 2(v2+1)

β2v2σ
β2
2

κGSt2(e1)
β2

v2+1+1,

S1 = [s1] , Q1 = (λ+ s1κ11)
−1,Ω1 = Q1s1d1

Computation:
for i=2:n do

if cos (φ (u(i)) , φ (D)) ≥ εc then
Dictionary: L ⇐ L,Di = Di−1

Update:
Si = Si−1 + a2j∗iSj∗iJ j∗J

T
j∗

Qi = Qi−1 −
Qi−1(j

∗)Ki−1(j
∗)TQi−1

(a2
j∗i

Sj∗i)−1+Ki−1(j∗)TQi−1(j
∗)

Ωi = Ωi−1 +
(a−1

j∗i
di−Ki−1(j

∗)TΩi−1)Qi−1(j
∗)

(a2
j∗i

Sj∗i)−1+Ki−1(j∗)TQi−1(j
∗)

end
else

Dictionary: L ⇐ L+ 1,Di = {Di−1,ui}
Update:
hi = ΦT

i−1φi

ei = di − hT
i Ωi−1

si = α 2(v1+1)

β1v1σ
β1
1

κGSt1(ei)
β1

v1+1+1

+(1− α) 2(v2+1)

β2v2σ
β2
2

κGSt2(ei)
β2

v2+1+1

Si =

[
Si−1 0
0T si

]
, Ki =

[
Ki−1 hi

hT
i κii

]

ẑB̂i = Qi−1Si−1hi

k̂i = QT
i−1hi

r̂−1
i = κiisi + λ− sih

T
i ẑB̂i

Qi =

[
Qi−1 + r̂−1

i siẑB̂ik̂
T

i −r̂−1
i ẑB̂i

−r̂−1
i sik̂

T

i r̂−1
i

]

Ωi =

[
Ωi−1 − r̂−1

i siẑB̂i(di − hT
i Ωi−1)

r̂−1
i si(di − hT

i Ωi−1)

]
.

end
end

by {r(1), r(2), ..., r(N)}. In order to reconstruct the original
signal with maximum accuracy, an inverse filter is designed to
counteract the distortions introduced by the nonlinear channel.

This study employs a sample set {([r(i), r(i+ 1), ..., r(i+
l)], s(i−D))}, where l signifies the length of time embedding
and and D corresponds to the equalization lag time. Specifi-
cally, we set l = 5 and D = 2. Within the nonlinear channel
model, the input signal follows x(i) = s(i) + 0.6s(i − 1),
whereas the output is characterized by r(i) = x(i)−0.8x(i)2+
n(i), incorporating α-stable noise n(i). The experimental setup
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involves 1000 training data points and 200 testing data points.
To bolster reliability, 20 independent Monte Carlo simulations
are executed per test. Additionally, the noise variance is fixed
at 0.04, with all algorithm parameters detailed in Table I.

TABLE I
VALUES OF PARAMETERS

Parameters v1 σ1 β1 v2 σ2 β2 α γ
Values 1 10 1.8 12 0.004 1.9 0.5 0.001

B. Comparison of Performance Between the Proposed Algo-
rithm and Other KAF Algorithms

In this study, we compare the performance of our pro-
posed algorithm with four state-of-the-art KAF algorithms,
namely QKRLS[26], QKRLP[19], QKRMC[20], and SP-
KRMC-W[21], using the same comparison methodology as in
MG time series prediction. The results are presented in Table II
and Fig.3-Fig.4. Our experimental observations indicate that:

1) From Fig. 3, it is evident that our proposed algorithm
outperforms the other algorithms in terms of accuracy perfor-
mance when applied to nonlinear channel equalization prob-
lems that are contaminated by non-Gaussian noise. Specifi-
cally, our proposed algorithm exhibits significantly lower mean
squared error values, indicating a higher degree of accuracy in
recovering the original signal.

2) As indicated by Table II, the proposed algorithm exhibits
the smallest variance, which is a strong indicator of the algo-
rithm’s robustness in nonlinear channel equalization problems.
This observation is further supported by the results presented
in Fig. 3.

3) Employing the vector projection method, the network
size of the proposed algorithm is reduced from 100% to 67%,
as revealed by Fig.4. This represents a significant reduction
in the number of parameters required for the algorithm to
operate effectively. Compared to the other algorithms, the
proposed algorithm exhibits a much sparser network size,
which is an important feature for practical applications where
computational efficiency and memory usage are crucial con-
siderations. Overall, these results demonstrate the effectiveness
and efficiency of the proposed algorithm in nonlinear channel
equalization problems.

TABLE II
TESTING MSES AT FINAL ITERATION

Algorithm Testing MSE Network Size Variance
QKRLS 1.2x10−1 992 1.4x10−1

QKRLP 1.1x10−1 957 1.5x10−1

QKRMC 9.9x10−2 823 9.0x10−2

SP-KRMC-W 1.0x10−1 856 1.2x10−1

Proposed 7.0x10−2 675 5.5x10−2

IV. CONCLUSION

This paper proposes a novel approach to improving es-
timation accuracy performance in non-Gaussian noise envi-
ronments, through the use of a generalized Student’s t ker-
nel adaptive filtering algorithm under the maximum mixture
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correntropy criterion. Additionally, a sparsity criterion, known
as vector projection, is employed to reduce the network size
during algorithm implementation. The experimental results
highlight the superior accuracy and sparsity of the proposed
algorithm in comparison to other state-of-the-art methods.
Further research can be conducted to design more refined cost
functions, which could potentially improve the performance of
the algorithm even further. Additionally, other sparsity criteria
may be investigated to further reduce the network size, which
is crucial for practical applications where computational effi-
ciency and memory usage are important considerations. These
efforts could lead to the development of even more effective
and efficient algorithms for nonlinear system identification
tasks in non-Gaussian noise environments.
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